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2016 AP® CALCULUS AB FREE-RESPONSE QUESTIONS

x| f&) | F) | elx) | &%)
1 -6 3 2 8
2 2 2 | 3

3 7 6

6 4 5 3 -1

6. The functions f and g have continuous second derivatives. The table above gives values of the functions and
their derivatives at selected values of x.

(2) Let k(x) = f(g(x)). Write an equation for the line tangent to the graph of k at x = 3.

(b) Let h(x) = %% Find A’(1).

(c) Evaluate LS F7(2x) dx.

STOP

END OF EXAM

© 2016 The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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AP® CALCULUS AB
2015 SCORING GUIDELINES

Question 5

The figure above shows the graph of £, the derivative of a
twice-differentiable function f; on the interval [-3, 4]. The
graph of f' has horizontal tangents at x = ~1, x = 1, and
x = 3, The areas of the regions bounded by the x-axis and
the graph of f' on the intervals [-2,1] and [1, 4] are 9 and
12, respectively.

(a) Find all x-coordinates at which f has a relative
maximum. Give a reason for your answer.

(b) On what open intervals contained in =3 < x < 4 is the
graph of f both concave down and decreasing? Give a
reason for your answer.

o

T~

Graph of [

(c) Find the x-coordinates of all points of inflection for the graph of f. Give a reason for your answer.

(d) Given that (1) = 3, write an expression for f(x) that involves an integral. Find f(4) and f(-2).

(@ f'(x)=0atx=-2,x=1,and x = 4.
f'(x) changes from positive to negative at x = —2.
Therefore, f has a relative maximum at x = =2,

(b) The graph of f is concave down and decreasing on the intervals

—2<x<-1and 1< x <3 because f' is decreasing and
negative on these intervals.

(c) The graph of f has a point of inflection at x = —1 and x =3
because f' changes from decreasing to increasing at these

points.

The graph of f has a point of inflection at x =1 because f"
changes from increasing to decreasing at this point.

@ f(x)=3+[ ri(e)a
f(4)=3+ ff’(t) dt =3+ (-12)=-9

fay=3+ [P r@as- [0
=3-(9)=12

© 2015 The College Board

.

1 : identifies x = =2
1 : answer with reason

1 : intervals
1 : reason

1: identifies x = —1,1,and 3
1 : reason

1 :integrand
1 : expression for f(x)

1: f(4) and f(-2)

Visit the College Board on the Web: www.collegeboard.org.
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Question 6

Consider the curve given by the equation y3 — xy = 2. It can be shown that % = 32_y_
Yy —x

(a) Write an equation for the line tangent to the curve at the point (-1, 1).

(b) Find the coordinates of all points on the curve at which the line tangent to the curve at that point is vertical.

2
(c) Evaluate 4y at the point on the curve where x = -1 and y = 1.
d?

G4 ! 1, 1 : slope

(a) = — .
Ay, =y 307 -(-1) 4 23

1 : equation for tangent line

An equation for the tangent line is y = %(x +1)+1.

b) 3yz—x=0=>x=3y2 1:sets 32 —x =0
3:4 1: equation in one variable
So, ' —xy=2= 5 _(3y2)(y) =2 = y=-1 1 : coordinates

(-1 —x(-1)=2 = x=3

The tangent line to the curve is vertical at the point (3, —1).

d d
42 (3y2 —x)%—y(@/d—i—l)
© ;) = . 5 2 : implicit differentiation
dx (3y = x) _ o dy
4 :{ 1 : substitution for =
3.12 = (=1))-+ - 1.[6-1- 1 -1 &
d2y ( (- ))'Z_ ) 4" 1 : answer
.—2— — - 2
& |, )11 (317 = (-1)
|
)
16 32
© 2015 The College Board.
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Question 1

Grass clippings are placed in a bin, where they decompose. For 0 < £ < 30, the amount of grass clippings
remaining in the bin is modeled by A(¢) = 6.687(0.93 1), where A(f) is measured in pounds and ¢ is measured
in days.

(2) Find the average rate of change of 4(¢) over the interval 0 <¢ < 30. Indicate units of measure.

(b) Find the value of 4'(15). Using correct units, interpret the meaning of the value in the context of the
problem.

(c) Find the time ¢ for which the amount of grass clippings in the bin is equal to the average amount of grass
clippings in the bin over the interval 0 < ¢ < 30.

(d) For t > 30, L(¢), the linear approximation to 4 at ¢ = 30, is a better model for the amount of grass
clippings remaining in the bin. Use L(¢) to predict the time at which there will be 0.5 pound of grass
clippings remaining in the bin. Show the work that leads to your answer.

A(30) — 4(0)

(a) =0 -0.197 (or -0.196) lbs/day 1 : answer with units
(b) A'(15) = —0.164 (or —0.163) 5. (1 A405)
" | 1 : interpretation

The amount of grass clippings in the bin is decreasing at a rate
of 0.164 (or 0.163) lbs/day at time ¢ = 15 days.

| 30
0 l:— Nd
(c) A(t)= flﬁf A(t) dt = t =12.415 (or 12.414) 2 30 -‘-0 A
0 1 : answer
(d) L(t) = A(30) + A'(30)-(r - 30) 2 : expression for L(¢)
' 4:41:L(t)=05
A'(30) = -0.055976 1: answer

A(30) = 0782928

L(¢)=0.5 = t = 35.054

© 2014 The College Board.
Visit the College Board on the Web:; www.collegeboard.org.



AP® CALCULUS AB/CALCULUS BC

2014 SCORING GUIDELINES

Question 3

The function £ is defined on the closed interval [5, 4]. The graph
of f consists of three line segments and is shown in the figure above.

Let g be the function defined by g(x) = j: f(¢t) ar.

(a) Find g(3).

(b) On what open intervals contained in —5 < x < 4 is the graph
of g both increasing and concave down? Give a reason for your

answer. i
(4.- '4)
(c) The function 4 is defined by h(x) = §5(—;‘l. Find #'(3).
(d) The function p is defined by p(x) = f (xz - x). Find the slope Graph ot f
of the line tangent to the graph of p at the point where x = —1.
3
(@ g(3)= j_3f(t) dt=6+4-1=9 1 : answer
®) g'(x)=f(x) , . [ 1:answer
"1 1:reason
The graph of g is increasing and concave down on the
intervals -5 < x < =3 and 0 < x < 2 because g’' = [ is
positive and decreasing on these intervals.
(C) hl(x) - X g (") _Zg("‘)s . ng (l) _jag(x) ‘ . hl(x)
(5x) S 3 : answer
hr(B) = (5)(3Jg!(3) = 53(3)
25-3
_ 15(-2)-5(9) _-75 _ _1
225 225 3
@ p'(x)=f(x* -x)(2x-1) 5. [2:7()
" | 1: answer

p(=1) = f/(2)(-3) = (-2)(-3) =6

© 2014 The College Board.
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2014 SCORING GUIDELINES

Question b

x 2| 2<x<-1| -1 |-I<x<l 1 l<x<3 | 3
S(x) | 12 Positive 8 Positive 2 | Positive | 7
fi(x) | -5 Negative 0 Negative 0 Positive %
g(x) | -1 Negative 0 Positive 3 Positive 1
g'(x) 2 Positive % Positive 0 | Negative | -2

The twice-differentiable functions f and g are defined for all real numbers x. Values of f; f*, g, and g’ for

various values of x are given in the table above.

(a) Find the x-coordinate of each relative minimum of f on the interval [-2, 3]. Justify your answers.

(b) Explain why there must be a value ¢, for -1 < ¢ <1, such that f "(e)=0.

(c) The function h is defined by A(x) = In(f(x)). Find #'(3). Show the computations that lead to your

answer.

(d) Evaluate fz F(g(x))g'(x) dx.

(a) x =1 isthe only critical point at which f' changes

sign from negative to positive. Therefore, / has a
relative minimum at x = 1.

(b) s is differentiable = f' is continuous on the
interval ~1 < x <1

fM-f(=1)_0-0_,
1—(-1) 2

Therefore, by the Mean Value Theorem, there is at
least one value ¢, —1 < ¢ <1, suchthat f"(c) = 0.

© H(x) =7(1x—)-f'(x)
1

) =3 O =57 14

@ [ re@e d=[feN],

= f(g(3)) - f(&(-2))
- 7() - S (-1)
=2-8=-6

© 2014 The College Board.
Visit the College Board on the Web: www.collegeboard.org.

1 : answer with justification

S M-rE)=0

: explanation, using Mean Value Theorem

: h(x)
: answer

: Fundamental Theorem of Calculus
: answer



AP® CALCULUS AB
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Question 1

On a certain workday, the rate, in tons per hour, at which unprocessed gravel arrives at a gravel processing plant
a9

is modeled by G(¢) =90 + 45005(%), where ¢ is measured in hours and 0 <z < 8. At the beginning of the
workday (¢ = 0), the plant has 500 tons of unprocessed gravel. During the hours of operation, 0 < ¢ <38, the
plant processes gravel at a constant rate of 100 tons per hour.

(a) Find G'(5). Using correct units, interpret your answer in the context of the problem.
(b) Find the total amount of unprocessed gravel that arrives at the plant during the hours of operation on this
workday.

(c) Is the amount of unprocessed gravel at the plant increasing or decreasing at time ¢ = 5 hours? Show the
work that leads to your answer.

(d) What is the maximum amount of unprocessed gravel at the plant during the hours of operation on this
workday? Justify your answer.

(@) G'(5) = —24.588 (or —24.587) . 1:G'(5)

" | 1 : interpretation with units
The rate at which gravel is arriving is decreasing by 24.588
(or 24.587) tons per hour per hour at time ¢ = 5 hours.

8 | : integral
b G(t) dt = 825.551 tons 2:
®) IO t) ° { 1 : answer
(c) G(5) =98.140764 <100 Bl 1 : compares G(5) to 100
" | 1: conclusion

At time ¢ = 5, the rate at which unprocessed gravel is arriving
is less than the rate at which it is being processed.

Therefore, the amount of unprocessed gravel at the plant is
decreasing at time ¢ = 3.

(d) The amount of unprocessed gravel at time ¢ is given by [ : considers A'(t) = 0
A(#) = 500 + [ (G(s) — 100) ds. 3: 4 :answer
d I : justification

A(t) = G(£) —100 = 0 = t = 4923480

f A(t)

0 500
492348 635376123

8 525.551089

The maximum amount of unprocessed gravel at the plant during
this workday is 635.376 tons.

© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org
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Question 4

The function f is defined by f(x) = V25 —x* for -5 <x <5.

(a) Find f'(x).
(b) Write an equation for the line tangent to the graph of f at x = =3.

) f(x) for-5£x<-3
t —
(c) Let g be the function defined by g(x) {x +7 for3<x<5.

Is g continuous at x = —3 ? Use the definition of continuity to explain your answer.

(d) Find the value of Ij 225 — %7 dx.

-1/2 =
@ ) =t(5-2)"(2x) ===, 5<x<5 2: F1x)
2 25 - x*
®) f(3) =i =5 1: £(=3)
25-9 4 7 {
1: answer
f(-3)=25-9=4
An equation for the tangent line is y = 4 + %(x +3).
() lim g(x)= lim f(x)= lim V25-xt =4 { 1 : considers one-sided limits
x>-3" x>-3" x=3" 2: . .
1 : answer with explanation

lim g(x)= lim_ (x+7)=4

x—-3 N==3

Therefore, lim_g(x) = 4.
x—-3

g(-3)= f(-3) =4

So, lim g(x) = g(-3).

Therefore, g is continuous at x = -3.

(d) Letu =25—x> = du=-2xdx 3 {2 : antiderivative

J'SxJZS —x* dx = —-l—jo Ju du
0 2425

=0
- [_l .21,3/2}
23 u=25

1 : answer

125

—_Lig_125 =125
=-3(0-125) =%

© 2012 The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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2011 SCORING GUIDELINES

Question 6

. 1-2sinx forx<0
Let f be a function defined by f(x) =1 _,,
e

Show that f is continuous at x = 0.

for x > 0.

For x = 0, express f'(x) as a piecewise-defined function. Find the value of x for which f*(x) = -3.

(a)

(®)

(©

Find the average value of f on the interval [-1, 1].
lim (1-2sinx) =1

x=0"
lim e =1

x=0*

f(0)=1

So, lim f(x) = £ (0).

Therefore f is continuous at x = 0.

—2cosx forx<0
—4e* forx>0

/(%) = {

—2cos x # —3 for all values of x < 0.

—4¢™** = -3 when x = —%ln (%) > 0.

Therefore f'(x) = -3 for x = —%ln (%)

IWOERWOE WO

0 : I 4y
= j_l(l—Zsm x) dx +j'0e dx

x=0 x=|
= [x + 2cos x:l + [—%—e"‘"’ :l

x=—1 x=0
—(3— N R EC NS
= (3 — 2cos( 1))+( 7t 4)
1 ¢!
Average value = fj—l J(x) dx

13 os(-1) - Lt
=3 cos(-1) 3¢

2 : analysis

A

" 1:value of x

0 1
1: .[—1(1 — 2sin x) dx and Ioe‘4" dx

2 : antiderivatives
1: answer

4:

© 2011 The Cellege Board.
Visit the College Board on the Web: www.collegeboard.org.



AP® CALCULUS AB
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Question 6
Solutions to the di i ion Y = i dzy _ .3 2.2 _
o the differential equation i also satisfy i ¥y (1 +3x%y ) Let y = f(x) bea

particular solution to the differential equation % =xy® with f(1) = 2.

(a) Write an equation for the line tangent to the graph of y = f(x) at x = 1.

(b) Use the tangent line equation from part (a) to approximate f(1.1). Giventhat f(x) >0 for 1< x <1.L, is
the approximation for f(1.1) greater than or less than f(1.1) ? Explain your reasoning.

(c) Find the particular solution y = f(x) with initial condition f(1) = 2.

, d )
@ fm=2 =8 S (11
.2 “ | 1: answer
An equation of the tangent line is y = 2 + 8(x —1).
by f(1.1)=28 7 { 1 : approximation
Since y = f(x) > 0 onthe interval 1 < x < 1.1, " | 1: conclusion with explanation

2
4y _ y*(1+3x%y?) > 0 on this interval.
dx?

Therefore on the interval 1 < x < 1.1, the line tangent to the
graph of y = f(x) at x =1 lies below the curve and the
approximation 2.8 is less than f(1.1).

(¢) j_: = ‘ 1 : separation of variables
. 1 : antiderivatives
F dy = fx dx 5: 4 1:constant of integration
A l 1 : uses initial condition
_%,2__—_"_2_4.0 1 : solves for y
- 122 _ %+ B = _% Note: mca:)xnsig:t [1-.1-0-0-0.] ifno
. of integration
Note: 0/5 if no separation of variables
V=5 ¥
4
2 —5 V5
W= 2 %7

© 2010 The College Board.
Visit the College Board on the Web: www.collegeboard.com.



AP® CALCULUS AB
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Question 6

Let f be the function given by f(x) = l_nx_x for all x > 0. The derivative of f is given by

l-lnx
e

fi(x) =

(a) Write an equation for the line tangent to the graph of f at x = e’

(b) Find the x-coordinate of the critical point of /. Determine whether this point is a relative minimum, a
relative maximum, or neither for the function f. Justify your answer.

(c) The graph of the function f has exactly one point of inflection. Find the x-coordinate of this point.
(d) Find lim f(x).
=0t

Ine*> 2 1-Iné 1 ,
(a) f(82)= 2 =e-—2,f(e2)= 2 =—e—4 2 lzf(ez) andf(ez)
(€*) 1 : answer
A . o2 1 2
n equation for the tangent line is y = =-— —4—(x -e )
e e
(b) f’(x) =0 when x = e. The function f has a relative maximum l:x=e
at x = e because f'(x) changes from positive to negative at 3:4 1:relative maximum
x=e 1 : justification
—-—l—x2 —(l—ln x)2x -3+ 2Inx
© f(x)=—2= ; = 3 forall x >0 33 2: f(x)
c * " | 1:answer
f"(x)=0 when -3+ 2lnx=0
x=2
The graph of f has a point of inflection at x = /2 because
f7(x) changes signat x = &2,
. Inx .
(d) lim —— = —oo or Does Not Exist I : answer
=0t X

© 2008 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.



Let f be the function defined by f(x) =

AP® CALCULUS AB
2007 SCORING GUIDELINES

Question 6

(a) Find f(x) and f"(x).
(b) For what value of the constant 4 does / have a critical point at x = 1 ? For this value of &, determine
whether f has a relative minimum, relative maximum, or neither at x = 1. Justify your answer.

—Inx for x > 0, where & is a positive constant.

(c) For a certain value of the constant %, the graph of f has a point of inflection on the x-axis. Find this

value of k.
@ flx)=---1 1: f(x)
0 2 {ltf(x)
() = =gl 4

(b)

(c)

F)=2k-1=0= k=2

When k=2, f/(1) =0 and f(1) = - +1> 0.

2
S has a relative minimum value at x = 1 by the

Second Derivative Test.

At this inflection point, /"(x) =0 and f(x)=0.

") = =k 1 _ -4
f(x)—0:>4x3/2+x2—0:>k—&
f(x)=0=>k~/;—lnx-0:k—-h£
Jx
Therefore, J_ 13.5
=4=Inx
= x=e*
:>Ic=i2

tsets f(1)=0or f(x)=0
: solves for k

: answer

: justification

f(xy=00r f(x) =

: equation in one variable
: answer

© 2007 The College Board. All rights reserved.
Visit apcentral.collegebeard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents).



AP® CALCULUS AB
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Question 6

The twice-differentiable function f is defined for all real numbers and satisfies the following conditions:
f(0)=2, f'(0)=-4, and f"(0) = 3.
(a) The function g is given by g(x) = ™ + f(x) for all real numbers, where a is a constant. Find g’(0) and
g”(0) in terms of a. Show the work that leads to your answers.

(b) The function 4 is given by A(x) = cos(kx) f(x) for all real numbers, where k is a constant. Find #’(x) and
write an equation for the line tangent to the graph of 4 at x = 0.

@ g'(x)=ae" + f(x) 1:2'(x)
g'(0)=a-4 4_Jlfgl(0)
' ‘ 1:g"(x)
g'(x) = a*e™ + f"(x) 1:87(0)
g"(0)=a*+3
(b) H(x) = f'(x)cos(kx) — ksin(kx) f(x) 2: K (x)
H(0) = f'(0)cos(0) - ksin(0) £(0) = f(0) =—4 5 J 1:4(0)
h(0) = cos(0) £(0) = 2 ‘ 1 3:4 1:h(0)
The equation of the tangent line is y = —4x + 2. 1 : equation of tangent line

© 2006 The College Board. All rights reserved.
Visit apcentral.coliegehoard.com (for AP professionals) and www.collegeboard .com/apstudents (for AP students and parents).
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AP® CALCULUS AB/CALCULUS BC
2016 SCORING GUIDELINES

Question 3

The figure above shows the graph of the
piecewise-linear function f. For -4 < x < 12,

the function g is defined by
X
g(x) = [, s(r)d.

(a) Does g have a relative minimum, a relative _ 4 /5
maximum, or neither at x = 10 ? Justify

your answer.

(b) Does the graph of g have a point of
inflection at x = 4 ? Justify your answer. (-4,-4)

(c) Find the absolute minimum valie and the
absolute maximum value of g on the
interval —4 < x < 12, Justify your answers.

(d) For —4 < x <12, find all intervals for which g(x) < 0.

[
4 4,4
2 4 -
- (8,-4)  (12,-4)
Graph of f

(a) The function g has neither a relative minimum nor a
relative maximum at x = 10 since g'(x) = f(x) and

f(x) <0 for 8 < x <12

(b) The graph of g has a point of inflection at x = 4 since
g'(x) = f(x) is increasing for 2 < x < 4 and decreasing
for 4 < x <8.

() g'(x)= f(x) changessignonlyat x = -2 and x = 6.

X g(x)
-4 -4
-2 -8
6 8
12 -4

On the interval —4 < x < 12, the absolute minimum
value is g(—2) = —8 and the absolute maximum value
is g(6) = 8.

(d) g(x)<0for—4<x<2and10<x<12

1: g'(x) = f(x) in (a), (b), (c), or (d)

1 : answer with justification

1 : answer with justification

} as candidates
' l 1: considers x = —4 and x =12
2 : answers with justification

’ 1:considers x =—-2and x =6
4

2 : intervals

© 2016 The College Board.
Visit the College Board on the Web: www.collegeboard.org



The figure above shows the graph of f”, the derivative
of a twice-differentiable function f; on the closed interval
0 < x < 8. The graph of f* has horizontal tangent lines
at x =1, x =3, and x = 5. The areas of the regions
between the graph of /' and the x-axis are labeled in the
figure. The function f is defined for all real numbers and
satisfies f(8) = 4.

(2)

(b)
(c)

(d

AP® CALCULUS AB
2013 SCORING GUIDELINES

Question 4

(8.

]
I
]
'
]
]
]
!
I
]
]
!
\
]
1
]
1)

Find all values of x on the open interval 0 < x < 8
for which the function f has a local minimum.
Justify your answer.

Determine the absolute minimum value of f on the
closed interval 0 < x < 8. Justify your answer.

(5.~-2)
Graph of S’

On what open intervals contained in 0 < x < 8 is the graph of f both concave down and increasing?

Explain your reasoning,.

The function g is defined by g(x) = (f (x))?. 1If 7(3) = —%, find the slope of the line tangent to the

graph of g at x = 3.

(a)

(b)

(c)

@

x = 6 is the only critical point at which f' changes sign from

negative to positive. Therefore, f has a local minimum at
x=0.

From part (a), the absolute minimum occurs either at x = 6 or
at an endpoint,

£(0)= £(8) + [, £'(x) dx
= f@) - [, /(<) dx=4-12=8
£8)= 1(®) + [ £(x)
=f(8)-j:f'(x)dx=4-7 =-3
s(8)=14

The absolute minimum value of f on the closed interval [0, 8]
is -8.

The graph of f is concave down and increasing on 0 < x < 1
and 3 < x < 4, because f” is decreasing and positive on these
intervals.

g'(x) =3[/ ()} - /(%)
£O) =3 OF @) =3(-3) 4=75

© 2013 The College Board.

1 : answer with justification

1:considers x =0and x =6
3:4 1:answer
1 : justification

1 : answer
1 : explanation

3

3:{Z:g'(x)

1 : answer

Visit the College Board on the Web: www.collegeboard.org,



AP® CALCULUS AB

2012 SCORING GUIDELINES

Question 3

Let f be the continuous function defined on [—4, 3]

whose graph, consisting of three line segments and a
semicircle centered at the origin, is given above. Let g

be the function given by g(x) = J‘lx f(2)ar.

(a) Find the values of g(2) and g(-2).

(b) Foreach of g'(-3) and g”(-3), find the value or

state that 1t does not exist.

(c) Find the x-coordinate of each point at which the
graph of g has a horizontal tangent line. For each

(—4’ ])

(—'2’3)
(1,0
BRETANE
(3.~
Graph of f

of these points, determine whether g has a relative minimum, relative maximum, or neither a minimum nor

a maximum at the point. Justify your answers.

(d) For —4 < x < 3, find all values of x for which the graph of g has a point of inflection. Explain your

reasoning.

@ 5= [ s0a=-4oft) -4
g(=2)= L_zf (t) dt = —.[_12 f()dt

b)) g(x)=f(x) = g(3)=f(-3)=2
g(x)=1(x) = g'(-3)=[1(-3)=1

(c) The graph of g has a horizontal tangent line where
g’(x) = f(x) = 0. This occurs at x = —1 and x = 1.

g’(x) changes sign from positive to negative at x = —1.

Therefore, g has a relative maximum at x = —1.

g’(x) does not change sign at x = 1. Therefore, g has

neither a relative maximum nor a relative minimum at x = 1.

(d) The graph of g has a point of inflection at each of

x=-2, x=0, and x =1 because g”(x) = f(x) changes

sign at each of these values.

|

X

© 2012 The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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1

:8(2)
1g(-2)

: g'(-3)
: g"(=3)

: considers g’(x) = 0
ix=-land x =1
: answers with justifications

: answer
: explanation
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Question b

(3,3)

7,~1)
Graph of g’

G,-1)

The function g is defined and differentiable on the closed interval [—7, 5] and satisfies g(0) = S. The graph of
v = g'(x), the derivative of g, consists of a semicircle and three line segments, as shown in the figure above.

(2)

Find g(3) and g(-2).

(b) Find the x-coordinate of each point of inflection of the graph of y = g(x) on the interval -7 < x < 5.

(©)

Explain your reasoning.

The function 4 is defined by A(x) = g(x) - %xz. Find the x-coordinate of each critical point of h, where

=7 < x < 5, and classify each critical point as the location of a relative minimum, relative maximum, or

neither a minimum nor a maximum. Explain your reasoning,.

(@

(b)

(©)

z-22 3_13
a 27277

g(2)=5+ J.O_zg'(x) dc=5-7m

g(3)=5+ I;g'(x) dx =5+

The graph of y = g(x) has points of inflectionat x =0, x = 2,
and x =3 because g’ changes from increasing to decreasing at
x=0 and x =3, and g’ changes from decreasing to increasing at
x=2.

Hx)=g'(x)-x=0=>g'(x)=x

On the interval —2 < x £ 2, g'(x) = V4 — x.

On this interval, g’(x) = x when x = V2.

The only other solution to g'(x) = x is x = 3.
Hix)=g'(x)-x>0for 0<x <2

W(x)=g'(x)-x<0 for V2 <x<5

Therefore h has a relative maximum at x = v2, and A has neither
a minimum nor a maximum at x = 3.

© 2010 The College Board.

1 :uses g(0)=5
3:41:g(3)
1:g(-2)

5. { 1:identifies x = 0,2,3
" | 1: explanation

D (x)

: identifies x = V2, 3

: answer for ¥2 with analysis
: answer for 3 with analysis

—_— =
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Question 6

The derivative of a function f is defined by

+1
The graph of the continuous function f*, shown in the figure above, has 4&4 /\ .
0

x-intercepts at x = -2 and x = 3In (%) The graphof gon -4 <x <0

g(x) for ~4<x<0

5¢3_3 for 0<x<d

ria-|

is a semicircle, and f(0) = 5.

.‘b

.\ y

Graph of f*

(a) For =4 < x < 4, find all values of x at which the graph of f has a point of inflection. Justify your

(b)
©

answer.

Find f(~4) and f(4).

For —4 < x < 4, find the value of x at which /" has an absolute maximum. Justify your answer.

(a)

(®)

©

f’ changes from decreasing to increasing at x = —2 and from
increasing to decreasing at x = 0. Therefore, the graph of f has

points of inflection at x = -2 and x = 0.

f4y=5+[ " gx) ax
=5—(8-27L’)=27F—3

f(4)=5+ I:(Se_x/ b _3)dx

x=4
=5+ (—lSe"“/3 - 3x) *
x=
=8 —15¢74/3
Since f(x) > 0 on the intervals -4 < x < -2 and
-2 < x<3ln (%), [ is increasing on the interval
5
—4<x< e
4<x< 3ln(3).

Since f(x) < 0 on the interval 31n(§) <x<4,fis
decreasing on the interval 31n (%) <x <4,

Therefore, f has an absolute maximum at x = 3In (%)

2 { 1 :identifies x =2 orx =0
" | 1: answer with justification

(2: f(-4)
1 : integral
1 :value
5:43:f(4)
1 : integral
1 : antiderivative

1 : value

) { I : answer
| 1 : justification

© 2009 The College Board. All rights reserved.
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Question 3

The graph of the function f shown above consists
of six line segments. Let g be the function given by (=3,2) (<2,2) 2,2) (3,2)
74

g(x) = [ flo)a. -
(2) Find g(4), g'(4), and g"(4).

(b) Does g have a relative minimum, a relative
maximum, or neither at x = 1? Justify your

answer.

(=5.-2) (5.-2)

Graph of f
(c) Suppose that f is defined for all real numbers x and is periodic with a period of length 5. The graph above

shows two periods of f. Given that g(5) = 2, find g(10) and write an equation for the line tangent to the
graph of g at x =108.

@ g@)=] f@)a=3 1:g(4)
3:41:g°4)
g@)=f(4)=0 L:g4)

g'(4)= f(4)=-2

(b) g has a relative minimum at x = | [ 1:answer

because g’ = f changes from negative to positive at “|1:reason

x =1,
() g(0) =0 and the function values of g increase by 2 for 1:g(10)

every increase of 5 in x.

4: 1:g(108)
g(10) = 2g(5) = 4 3:41:2°108)
1 : equation of tangent line
105 108
g(108) = [ sy ar+ [ CS(0)

= 21g(5) + g(3) = 44

g’(108) = £(108) = £(3) = 2

An equation for the line tangent to the graph of g at
x =108 is y — 44 = 2(x-108).

© 2006 The College Board, All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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Question 3

t
(minutes)

(1)

(meters per minute)

0 12 20 24 40

0 200 | 240 | —220 | 150

Johanna jogs along a straight path. For 0 < ¢ < 40, Johanna’s velocity is given by a differentiable function v.
Selected values of v(t), where ¢ is measured in minutes and v(¢) is measured in meters per minute, are given in
the table above.

(a) Use the data in the table to estimate the value of v'(16).
o s 40 .
(b) Using correct units, explain the meaning of the definite integral Io |v(¢)| @t in the context of the problem.

Approximate the value of j:0| v(t)| dt using a right Riemann sum with the four subintervals indicated in the
table.
(c) Bob is riding his bicycle along the same path. For 0 < ¢ <10, Bob’s velocity is modeled by
B(t) = 3 — 61 + 300, where ¢ is measured in minutes and B(¢) is measured in meters per minute.
Find Bob’s acceleration at time ¢ = 5.

(d) Based on the model B from part (c), find Bob’s average velocity during the interval 0 < ¢ <10.

240 -2 ) o
(a) Vv'(16) = %# = 5 meters/min’ 1 : approximation
40 .
(b) .[0 [v(¢)| dt is the total distance Johanna jogs, in meters, over the 1 : explanation
time interval 0 < ¢ < 40 minutes. 3 :4 1:right Riemann sum

1 : approximation
[ o)l de = 12:19(12)] + 8:(20)| + 4-|w(24)] + 16-|v(40)|
=12-200+8-240 + 4-2204+16-150

= 2400 + 1920 + 880 + 2400
= 7600 meters

(c) Bob’s acceleration is B'(f) = 3> — 121. 5 { 1 :uses B'(t)
B'(5) = 3(25) - 12(5) = 15 meters/min’ 1 : answer

_ 1 g3 2 -

(d) Avgvel = _la.fo (t -6t° + 300) dt 1: mte.gra¥ .
P 10 3 :4 1: antiderivative
LIt 28300 1 : answer
10| 4 B
- %[ﬁ?ﬂ — 2000 + 3000} = 350 meters/min

© 2015 The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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Question 2

For ¢ > 0, a particle moves along the x-axis. The velocity of the particle at time ¢ is given by

2

v(t) =1+ 2sin(—t5). The particle is at position x = 2 attime ¢ = 4.

(a) Attime ¢ = 4, is the particle speeding up or slowing down?
(b) Find all times ¢ in the interval 0 < ¢ < 3 when the particle changes direction. Justify your answer.

(c) Find the position of the particle at time ¢ = 0.
(d) Find the total distance the particle travels from time ¢ = 0 to time ¢ = 3.

(a) v(4)=2978716 >0 2 : conclusion with reason
V/(4) = —1.164000 < 0

The particle is slowing down since the velocity and
acceleration have different signs.

(®) v(t) =0 = t =2.707468 5 1:¢=2707

1 : justification
v(t) changes from positive to negative at ¢ = 2.707.
Therefore, the particle changes direction at this time.

0
(c) x(0) ==x(4)+ L v(t) dt 1: integral
=2+ (~5.815027) = —3.815 3 :< 1 : uses initial condition
1 : answer
. 3 1 : integral
d) Dist = t)| dt =5.301 2:
() Distance j0|v( ) 1 : answer
© 2016 The College Board.
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Question 4

Train A runs back and forth on an east-west section of
railroad track. Train A’s velocity, measured in meters per

minute, is given by a differentiable function v,(¢), where

¢ (minutes) 0|2 |5]| 8 |12

v,4(t) (meters/minute)| 0 |100| 40 [~120|-150

time ¢ is measured in minutes. Selected values for v4(¢)
are given in the table above.

(a) Find the average acceleration of train 4 over the interval 2 < r < 8.
(b) Do the data in the table support the conclusion that train A’s velocity is —100 meters per minute at some time ¢
with 5 < ¢ < 8 ? Give a reason for your answer.

(c) Attime ¢ = 2, train 4’s position is 300 meters east of the Origin Station, and the train is moving to the east.
Write an expression involving an integral that gives the position of train 4, in meters from the Origin Station, at
time ¢ = 12. Use a trapezoidal sum with three subintervals indicated by the table to approximate the position of
the train at time ¢ = 12.

(d) A second train, train B, travels north from the Origin Station. At time ¢ the velocity of train B is given by
vg(t) = =5t + 60t + 25, and at time ¢ = 2 the train is 400 meters north of the station. Find the rate, in meters
per minute, at which the distance between train 4 and train B is changing at time ¢ = 2.

v4(8) - vy (2} ~120 -100 _ _110 m/min> 1 : average acceleration

(a) average accel =

8-2 6 3
(b) v, is differentiable = v, is continuous 2 { L:vy(8) < -100 < v (5)
v,4(8) = -120 < —100 < 40 = v,4(5) " | 1: conclusion, using IVT

Therefore, by the Intermediate Value Theorem, there is a time ¢,
5 <t <8, such that v,(f) = -100.

12 12
©) s4(12)=s5,4(2)+ L v4(t) dt =300+ L v4(¢) dt 1 : position expression
12 100 + 40 40 — 120 —120 — 150 31 1: trapeZOidal sum
J.z vy(£)dt =3 gt st 4 3 1 : position at time ¢ = 12
= 450

54(12) = 300 - 450 = —150

The position of Train 4 at time ¢ = 12 minutes is approximately 150
meters west of Origin Station.

(d) Let x be train 4’s position, y train B’s position, and z the distance 2 : implicit differentiation of
between train 4 and tr;m B. & ) 3: distance relationship
2 _ .2, .2 z y
= = =2x — :
zZi=x"+y = 2z 7 i + 2y Y 1 ; answer

x =300,y = 400 = z = 500
vB(Z) = —20 +120 + 25 = 125
500— = (300)(100) + (400)(125)

dz 80000

=7 =500 = = 160 meters per minute

© 2014 The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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Question 2

A particle moves along a straight line. For 0 < ¢ < 5, the velocity of the particle is given by

v(t) =-2+ (t2 + 31‘)6/5 — >, and the position of the particle is given by s(¢). It is known that s(0) = 10.

(a) Find all values of ¢ in the interval 2 < ¢ < 4 for which the speed of the particle is 2.

(b) Write an expression involving an integral that gives the position s(¢). Use this expression to find the
position of the particle at time ¢ = 5.

(c) Find all times ¢ in the interval 0 < ¢ < 5 at which the particle changes direction. Justify your answer.

(d) Is the speed of the particle increasing or decreasing at time ¢ = 4 ? Give a reason for your answer.

(@) Solve |v(t)]=2o0n2<t<4. 5§ { 1 : considers |v(t)| = 2

t =3.128 (or 3.127) and ¢ = 3.473 " | 1 :answer
() s(t)=10+ J:v(x) dx 7 1:s(t)

" 1:s(5)
5

s(5) =10+ jo v(x) dx = —9.207
(c) v(t) =0 when ¢ = 0.536033, 3.317756 - { 1 : considers v(t) = 0

v(t) changes sign from negative to positive at time ¢ = 0.536033. " | 2 : answers with justification

v(¢) changes sign from positive to negative at time ¢ = 3.317756.

Therefore, the particle changes direction at time ¢ = 0.536 and
time ¢ = 3.318 (or 3.317).

(d) v(4) =-11.475758 < 0, a(4) =V'(4) = 22.295714< 0 2 : conclusion with reason

The speed is increasing at time ¢ = 4 because velocity and
acceleration have the same sign,

© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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Question 6

For 0 <t <12, a particle moves along the x-axis. The velocity of the particle at time ¢ is given by

wt) = cos(%t). The particle is at position x = —2 attime ¢ = 0.

(a) For 0 < ¢ <12, when is the particle moving to the left?

(b) Write, but do not evaluate, an integral expression that gives the total distance traveled by the particle from
time ¢ = 0 to time ¢ = 6.

(c) Find the acceleration of the particle at time ¢. Is the speed of the particle increasing, decreasing, or neither at
time ¢ = 4 ? Explain your reasoning.

(d) Find the position of the particle at time ¢ = 4.

(@ v(t)= cos(%—t) =0 = t=3,9 5 1 : considers v(¢) = 0
" | 1 :interval
The particle is moving to the left when v(¢) < 0.
This occurs when 3 <t < 9.
6
(b) J-0|v(t)| dt 1 : answer
©) a(?)= —%sin (%t) 3. 1:a(t)
" | 2 : conclusion with reason
- Egn(22) - Bz
a(4) = 651n( 3 )— v <0
= cos[2Z) = _1
v(4)—cos( 3 )— 2<0

The speed is increasing at time ¢ = 4, because velocity and
acceleration have the same sign.

4
d) x(4)=-2+ J cos(%t) dt 1 : antiderivative
0 . 3 : < 1:uses initial condition
6 . (7« .
=-2+ [—sm(—t)] 1 : answer
V3 6 0
=-2+ g[sm (—Z—E) = O]
7 3
T o2 z
® 2012 The College Board.
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Question 1

For 0 < ¢ < 6, a particle is moving along the x-axis. The particle’s position, x(¢), is not explicitly given.

The velocity of the particle is given by v(¢) = Zsin(e’/ 4) + 1. The acceleration of the particle is given by
a(t) = —;—e'/“ cos(e’“) and x(0) = 2.

(a) Is the speed of the particle increasing or decreasing at time ¢ = 5.5 ? Give a reason for your answer.

(b) Find the average velocity of the particle for the time period 0 < ¢ < 6.
(c) Find the total distance traveled by the particle from time ¢ = 0 to ¢ = 6.
(d) For 0 < ¢ < 6, the particle changes direction exactly once. Find the position of the particle at that time.

(@) v(5.5) =-0.45337, a(5.5) = -1.35851 2 : conclusion with reason

The speed is increasing at time ¢ = 5.5, because velocity and
acceleration have the same sign.

6 . 1 : integral
(b) Average velocity = % vy de = 1.949 2 { mtegra

1 : answer

G 1 : integral
(c) Distance = j0|v(t)| dr =12.573 5. { integra

1 : answer

(d) v(¢) =0 when ¢ = 5.19552. Let b = 5.19552. 1 : considers v(¢) = 0
v(¢) changes sign from positive to negative at time ¢ = b. 3: 4 1:integral

b p
x(b) = 2+ [ W(t) dt = 14.134 or 14.135 Lranswer

© 2011 The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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Question 1

v(r)

0.3
ST /
0.1 / /
0 > f
1 2 3 1 5 6 7 B 9 10 1 12
-0.1
-02

Caren rides her bicycle along a straight road from home to school, starting at home at time ¢ = 0 minutes
and arriving at school at time ¢ = 12 minutes. During the time interval 0 < ¢ < 12 minutes, her velocity
v(t), in miles per minute, is modeled by the piecewise-linear function whose graph is shown above.

(a) Find the acceleration of Caren’s bicycle at time ¢ = 7.5 minutes. Indicate units of measure.

12
(b) Using correct units, explain the meaning of Io [¥(t)| d¢ in terms of Caren’s trip. Find the value

©

(d)

of | (:2|v(t)| dt.

Shortly after leaving home, Caren realizes she left her calculus homework at home, and she returns to
get it. At what time does she turn around to go back home? Give a reason for your answer.

Larry also rides his bicycle along a straight road from home to school in 12 minutes. His velocity is

modeled by the function w given by w(¢)

15 12

=Z sin (lt), where w(¢) is in miles per minute for

0 <t <12 minutes. Who lives closer to school: Caren or Larry? Show the work that leads to your

AnsSwer.

(a)

(b)

(©)

D

a(7.5) = v(7.5) = w =-0.1 miles/minute2

12
Io |v(¢)| dt is the total distance, in miles, that Caren rode
during the 12 minutes from ¢ =0 to ¢ = 12,
12 2 4 12
[, molde={ ey - jz v(t) dt + L W(t) dt
=02+02+1.4 =1.8 miles

Caren turns around to go back home at time ¢ = 2 minutes.
This is the time at which her velocity changes from positive
to negative.

12
_[0 w(t) dt = 1.6; Larry lives 1.6 miles from school.

12
Io v(t) dt = 1.4; Caren lives 1.4 miles from school.

Therefore, Caren lives closer to school.

© 2009 The College Board. All rights reserved.

: answer
: units

: meaning of integral
: value of integral

. answer
. reason

: Larry’s distance from school

[ : integral
[ : value

: Caren’s distance from school

and conclusion
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Question 4

v(r)

Graphof'v

A particle moves along the x-axis so that its velocity at time ¢, for 0 < ¢ < 6, is given by a differentiable
function v whose graph is shown above. The velocityis 0 at ¢ = 0, ¢ = 3, and ¢ = 5, and the graph has
horizontal tangents at ¢ =1 and ¢ = 4. The areas of the regions bounded by the #-axis and the graph of v on
the intervals [0, 3], [3, 5], and [5, 6] are 8, 3, and 2, respectively. At time ¢ = 0, the particle is at x = =2,

(a) For 0 <t £ 6, find both the time and the position of the particle when the particle is farthest to the left.

Justify your answer.

(b) For how many values of ¢, where 0 < ¢ < 6, is the particle at x = —8 ? Explain your reasoning.

(c) On the interval 2 < ¢ < 3, is the speed of the particle increasing or decreasing? Give a reason for your

answer.

(d) During what time intervals, if any, is the acceleration of the particle negative? Justify your answer.

(2) Since ¥(¢) <0 for 0 <t <3 and 5<tr<6, and v(¢) > 0
for 3 <t <35, weconsider t =3 and ¢t = 6.

x(3)= -2+ [ W(t)dt =-2-8 =10

6
x(6)=-2+jov(z)dz=_2_3+3_2=_9

Therefore, the particle is farthest left at time ¢ = 3 when
its position is x(3) = -10.

(b) The particle moves continuously and monotonically from
x(0) = -2 to x(3) = —10. Similarly, the particle moves
continuously and monotonically from x(3) = -10 to
x(5) = =7 and also from x(5) = -7 to x(6) = 9.

By the Intermediate Value Theorem, there are three values
of ¢ for which the particle is at x(¢) = -8.

(c) The speed is decreasing on the interval 2 < ¢ < 3 since on
this interval v < 0 and v is increasing.

(d) The acceleration is negative on the intervals 0 < ¢t <1 and
4 < t < 6 since velocity is decreasing on these intervals.

l

3:41
1
1
3:
1

: identifies ¢ = 3 as a candidate
. 6
: considers .[o v(t) dt

: conclusion

:positionsat¢ =3, t =5,
andt =6

: description of motjon

: conclusion

1 : answer with reason

2:{1
1

: answer
: justification

© 2008 The College Board. All rights reserved.
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Question 4

A particle moves along the x-axis with position at time ¢ given by x(¢) = ¢”'sin¢ for 0 <t < 27.

(a) Find the time ¢ at which the particle is farthest to the left. Justify your answer.

(b) Find the value of the constant 4 for which x(¢) satisfies the equation 4x"(¢t) + x'(¢) + x(¢) =0
for 0 < ¢ < 27.

(@) x'(¢)=-e"'sint+e cost =e*(cost —sint) 2:x'(¢)
x'(t) = 0 when cost = sin¢. Therefore, x'(#) =0 on 5 1:sets x'(¢) =0
05t$27rfort=£andt=§£. I:z?nsv.ver )
4 4 I : justification
The candidates for the absolute minimum are at
~0, % 3%
t =0, a2 , and 27.
t | x(¢e)
0 | sin(0)=0
T
% e 4 sin(%) >0
sz
STE e 4 sin(sT”) <0
27 | e sin(27) =0
oy e S
The particle is farthest to the left when ¢ = T
(b) x"(t)=—e"(cost—sint)+e(—sint —cost) 2: x°(t)
= 26~ cost 1 : substitutes x"(¢), x'(¢), and x(¢)
into Ax"(¢) + x'(¢) + x(¢)
Ax"(6) + x'(2) + x(t) 1 : answer
= A(—Ze"’ cos t) +e‘(cost—sint)+e sint
=(=24+1)e” cost
=0
Therefore, 4 = %

© 2007 The College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard .com/apstudents (for students and parents).
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Question 4
! o | 10| 20| 30 | 4 | 50 | 60 | 70 | 80
(seconds)
W)
. 5 14 22 29 35 40 44 47 49
(feet per second)

Rocket 4 has positive velocity v(¢) after being launched upward from an initial height of 0 feet at time ¢ = 0

seconds. The velocity of the rocket is recorded for selected values of ¢ over the interval 0 < ¢ < 80 seconds, as

shown in the table above.
(a) Find the average acceleration of rocket A over the time interval 0 < ¢t < 80 seconds. Indicate units of

measure.

70
(b) Using correct units, explain the meaning of J. " v(¢) dt in terms of the rocket’s flight. Use a midpoint

70
Riemann sum with 3 subintervals of equal length to approximate Lo v(¢) dt.

(c) Rocket B is launched upward with an acceleration of a(¢) = el feet per second per second. At time
Jt+1

t = 0 seconds, the initial height of the rocket is 0 feet, and the initial velocity is 2 feet per second. Which of
the two rockets is traveling faster at time ¢ = 80 seconds? Explain your answer.

(a) Average acceleration of rocket 4 is 1 : answer
v(80)—v(0) _49-5_ 11 2
00 = 80 g0 /e
70 .
(b) Since the velocity is positive, -[10 ¥(t) dt represents the 1 : explanation
3:41: (2
distance, in feet, traveled by rocket 4 from ¢ = 10 seconds L usi:s %20);(40)} ¥(60)
to ¢t = 70 seconds. S
A midpoint Riemann sum is
20[v(20) + v(40) + v(60)]
= 20[22 + 35 + 44] = 2020 ft
(c) Let vg(2) be the velocity of rocket B at time . 1:6Vt+1
3 - ! : constant of integration
ve()= | ==dt=6Jt+1+C
5(0) j i +1 4 : 4 1 :uses initial condition
2=vp(0)=6+C 1 : finds v5(80), compares to v(80),
vp(t) =6Vt +1-4 and draws a conclusion
v5(80) = 50 > 49 = v(80)
Rocket B is traveling faster at time ¢ = 80 seconds.
Units of ft/sec? in (a) and ft in (b) 1+ units in (a) and (b)

© 2006 The College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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Question 1

2
The rate at which rainwater flows into a drainpipe is modeled by the function R, where R(¢) = 20 sin(g—s-] cubic

feet per hour, ¢ is measured in hours, and 0 < ¢ < 8. The pipe is partially blocked, allowing water to drain out the
other end of the pipe at a rate modeled by D(¢) = —0.04£> + 0.41> + 0.96¢ cubsic feet per hour, for 0 < ¢ < 8.
There are 30 cubic feet of water in the pipe at time ¢ = 0.

(a) How many cubic feet of rainwater flow into the pipe during the 8-hour time interval 0 < ¢ <87

(b) Is the amount of water in the pipe increasing or decreasing at time ¢ = 3 hours? Give a reason for your
answer.

(c) Atwhattime ¢, 0 < ¢ < 8, is the amount of water in the pipe at a minimum? Justify your answer.
(d) The pipe can hold 50 cubic feet of water before overflowing. For ¢ > 8, water continues to flow into and out

of the pipe at the given rates until the pipe begins to overflow. Write, but do not solve, an equation involving
one or more integrals that gives the time w when the pipe will begin to overflow.

8
dt = 76.
() jOR(t) t = 76.570 - ansorer

9 { 1 : integrand

(b) R(3)-D(3)=-0313632<0 5 { 1 : considers R(3) and D(3)
Since R(3) < D(3), the amount of water in the pipe is " | 1: answer and reason
decreasing at time ¢ = 3 hours.

(¢) The amount of water in the pipe at time ¢, 0 < ¢ <38, is [ I : considers R(t) - D(t) =0
30 + JI[R(x) — D(x)] dx. 3:4 | :answer
0 ] : justification

R(t)-D(t)=0 = t =0, 3271658

t | Amount of water in the pipe
0 30

3.271658 27.964561
8 48.543686

The amount of water in the pipe is a minimum at time
t =3.272 (or 3.271) hours.

W ] :integral
- D(t)] dt = 50 2: N
(d 30+ jo [R(1) = D(1)] I : equation

© 2015 The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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Question 2

t
(minutes) 0243210
HE)  Fgg |60 |52 |44 a3

(degrees Celsius)

As a pot of tea cools, the temperature of the tea is modeled by a differentiable function H for 0 < ¢ < 10, where
time ¢ is measured in minutes and temperature H(t) is measured in degrees Celsius. Values of H(¢) at selected
values of time ¢ are shown in the table above.

(a) Use the data in the table to approximate the rate at which the temperature of the tea is changing at time
¢t = 3.5, Show the computations that lead to your answer.

10 __. . . .
(b) Using correct units, explain the meaning of % J.o H(t) dt in the context of this problem. Use a trapezoidal

10

sum with the four subintervals indicated by the table to estimate ILO . H(t)dr.

10 . . o .
(¢) Evaluate Io H'(t) dt. Using correct units, explain the meaning of the expression in the context of this

problem.

(d) Attime ¢ = 0, biscuits with temperature 100°C were removed from an oven. The temperature of the
biscuits at time ¢ is modeled by a differentiable function B for which it is known that
B(t) = -13.84¢%17¥_ Using the given models, at time ¢ = 10, how much cooler are the biscuits than
the tea?

H(5) - H(2)

(a) H'(3.5) =~ s> 1 : answer
22 ; S _ —2.666 or —2.667 degrees Celsius per minute
10
(b) l%jo H(¢) dt is the average temperature of the tea, in degrees Celsius, 1 : meaning of expression
over the 10 minutes. 314 1:trapezoidal sum
. 6045 ) o 1 : estimate
1 _1(, 66+60 . 60+52  , 52444 . 44+43
wh H(‘)dt”lo(z A I A S )
= 5295
10
©) jo H'(t) dt = H(10) — H(0) = 43 — 66 = 23 . { 1 : value of integral
The temperature of the tea drops 23 degrees Celsius from time ¢ = 0 to 1 : meaning of expression
time ¢ = 10 minutes.
10
(d) B(10) =100+ jo B'(t)dt = 34.18275; H(10) — B(10) = 8.817 1 : integrand
The biscuits are 8.817 degrees Celsius cooler than the tea. 314 1:uses B(0) =100

1 : answer

© 2011 The College Board.
Visit the College Board on the Web: www .collegeboard.org.
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Question 1

There is no snow on Janet’s driveway when snow begins to fall at midnight. From midnight to 9 A.M., snow

accumulates on the driveway at a rate modeled by f(¢) = 7¢te°*' cubic feet per hour, where ¢ is measured in

hours since midnight. Janet starts removing snow at 6 A.M. (¢ = 6). The rate g(¢), in cubic feet per hour, at
which Janet removes snow from the driveway at time ¢ hours after midnight is modeled by

(a)
(b)
©

(d

0 for0<r<6
g(t)=<125 for 6<t<7
108 for 75t <9.
How many cubic feet of snow have accumulated on the driveway by 6 A.M.?
Find the rate of change of the volume of snow on the driveway at 8 A.M.

Let A(t) represent the total amount of snow, in cubic feet, that Janet has removed from the driveway at time
¢ hours after midnight, Express 4 as a piecewise-defined function with domain 0 < ¢ <9,

How many cubic feet of snow are on the driveway at 9 AM.?

®

(b)

(©)

6
| |/ (6) d =142.274 or 142.275 cubic feet

Rate of change is f(8) — g(8) = ~59.582 or —59.583 cubic feet per hour.

h(0) = 0
For 0< <6, h(t) = h(0)+ [ g(s)ds =0+f;0ds=0.

For 6 <t <7, h(t) = h(6) + J'G'g(s) ds =0+ .[;125 ds = 125(t — 6).
For 7<t<9, h(t) = h(7)+ I;g(s) ds = 125 +j7'108 ds =125+ 108(¢ — 7).
0 for 0<t<6

Thus, A(t) = 1125(¢ - 6) for 6<t<7
125+108(¢=7) for 7<t<9

9
(d) Amount of snow is .[o S(t) dt — h(9) = 26.334 or 26.335 cubic feet.

© 2010 The College Board.
Visit the College Board on the Web: www.collegeboard.com.

5 { 1 : integral
"1 1:answer

1 : answer

1:h(t) for0<t<6
3:9L:h(t)for6<t<7
L:h(t)for7<t<9

1 : integral
3:41:h(9)
| : answer
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Question 3

There are 700 people in line for a popular amusement-park ride "
when the ride begins operation in the morning. Once it begins e 2 SN RRE, AERR (Con: N N BES IR
operation, the ride accepts passengers until the park closes 8 hours 12000 _E_ S .
later. While there is a line, people move onto the ride at a rate of ' 2\ U R
800 people per hour. The graph above shows the rate, r(¢), at y WOy *;--“-'*---ff"—gr"‘*:"“":”'
which people arrive at the ride throughout the day. Time ¢ is £ 800{--- e 141--1
measured in hours from the time the ride begins operation. g 600_____% ___JE___ J: JE-___fL_
5] o R S
(@) How many people arrive at the ride between f =0 and t =37 = Rl i ;““1;“‘“2“
Show the computations that lead to your answer. ELh Bac insl e iy v 3“‘ KT
(b) Is the number of people waiting in line to get on the ride o) S L I I
increasing or decreasing between ¢ = 2 and ¢ = 3 ? Justify 0 2 4 6 8

Time (hours)
your answer.

(c) Atwhattime ¢ is the line for the ride the longest? How many people are in line at that time? Justify your
answers.

(d) Write, but do not solve, an equation involving an integral expression of r whose solution gives the earliest
time ¢ at which there is no longer a line for the ride.

-

3 1000 + 1200 | 1200 + 8§00 1 : integral
i =2 + =32 2:

@ Io’(t) a=2 2 2 SULIEERIE {1 : answer

(b) The number of people waiting in line is increasing because 1 : answer with reason
people move onto the ride at a rate of 800 people per hour
and for 2 <z <3, r(t) > 800.

(c) r(z)=800 onlyat:=3 1 : identifies ¢ = 3
For 0 <t <3, r(t) >800. For 3 <1t <8, r(t)<800. 3: 4 1 :number of people in line
Therefore, the line is longest at time ¢ = 3. 1 : justification
There are 700 + 3200 — 800-3 = 1500 people waiting in line
at time ¢ = 3.

1 : 800t
4
(d 0=700+ Jor(s) ds — 800t 3: 4 1:integral
[ : answer
© 2010 The College Board.
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Question 2

The rate at which people enter an auditorium for a rock concert is modeled by the function R given by
R(t) = 1380¢2 — 675> for 0 <t < 2 hours; R(t) is measured in people per hour. No one is in the
auditorium at time ¢ = 0, when the doors open. The doors close and the concert begins at time ¢ = 2,

(a) How many people are in the auditorium when the concert begins?

(b) Find the time when the rate at which people enter the auditorium is a maximum. Justify your answer.

(c) The total wait time for all the people in the auditorium is found by adding the time each person waits,
starting at the time the person enters the auditorium and ending when the concert begins. The function
w models the total wait time for all the people who enter the auditorium before time ¢. The derivative
of w is given by w'(¢) = (2 —¢)R(¢). Find w(2) - w(l), the total wait time for those who enter the
auditorium after time ¢ = 1.

(d) On average, how long does a person wait in the auditorium for the concert to begin? Consider all people
who enter the auditorium after the doors open, and use the model for total wait time from part (c).

2 1 : integral
(@ Io R(t) dt = 980 people 2: { 1 - answer
(b) R(t)=0 when ¢ =0 and ¢t = 1.36296 1 : considers R'(f) = 0
The maximum rate may occur at 0, a = 1.36296, or 2. 3 : 4 1:interior critical point
1 : answer and justification
R(0)=0
R(a) = 854.527
R(2)=120

The maximum rate occurs when ¢ = 1.362 or 1.363.

2 2
©) w2)-wl)= f Wt dt = I [ (2= 0)R(:) dt =387.5 - { 1 : integral
The total wait time for those who enter the auditorium after 1 :answer
time ¢ =1 is 387.5 hours.
@ ges™2) = 525 | 2(2 = £)R(t) dt = 0.77551 L : integral
980 980J 0 2 {
1 : answer

On average, a person waits 0.775 or 0.776 hour.

© 2009 The College Board. All rights reserved.
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Question 3

Mighty Cable Company manufactures cable that sells for $120 per meter. For a cable of fixed length, the
cost of producing a portion of the cable varies with its distance from the beginning of the cable. Mighty
reports that the cost to produce a portion of a cable that is x meters from the beginning of the cable is

6vx dollars per meter. (Note: Profit is defined to be the difference between the amount of money
received by the company for selling the cable and the company’s cost of producing the cable.)

(a) Find Mighty’s profit on the sale of a 25-meter cable.

30
(b) Using correct units, explain the meaning of J.zs 6vx dx in the context of this problem.

(c) Write an expression, involving an integral, that represents Mighty’s profit on the sale of a cable that
is k meters long.

(d) Find the maximum profit that Mighty could earn on the sale of one cable. Justify your answer.

. 25 .
(@ Profit = 12025 — [ 6 dx = 2500 dollars 9. { 1 integral

1 : answer

30 . . ) . . . )
(b) ‘[25 6vx dx is the difference in cost, in dollars, of producing a | 1 : answer with units

cable of length 30 meters and a cable of length 25 meters.

5. { 1 : integral

k
(c) Profit = 120k — _[0 6x dx dollars | : expression

(d) Let P(k) be the profit for a cable of length £. :P(k)=0
P'(k) =120 - 6vk = 0 when & = 400. s k =400

]

1
This is the only critical point for P, and P’ changes from 1 : answer
positive to negative at &£ = 400. | : justification
Therefore, the maximum profit is P(400) = 16,000 dollars.

© 2009 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.



AP® CALCULUS AB

2008 SCORING GUIDELINES

Question 2

t (hours) 0 1 3 4 7

8

9

L(t) (people) | 120 | 156 | 176 | 126 | 150

80

0

Concert tickets went on sale at noon (¢ = 0) and were sold out within 9 hours. The number of people waiting in
line to purchase tickets at time ¢ is modeled by a twice-differentiable function L for 0 < ¢ < 9. Values of L(t) at

various times ¢ are shown in the table above.

(a) Use the data in the table to estimate the rate at which the number of people waiting in line was changing at
5:30 P.M. (¢ = 5.5). Show the computations that lead to your answer. Indicate units of measure.

(b) Use a trapezoidal sum with three subintervals to estimate the average number of people waiting in line during

the first 4 hours that tickets were on sale.

(c) For 0 < ¢ <9, what is the fewest number of times at which L'(¢) must equal 0 ? Give a reason for your answer.

(d) The rate at which tickets were sold for 0 < ¢ < 9 is modeled by r(¢) = 550te~'/? tickets per hour. Based on the
model, how many tickets were sold by 3 P.M. (¢ = 3), to the nearest whole number?

L(7) - L(4) _ 150 =126

(@ L(55)~ ="5— .

= § people per hour

(b) The average number of people waiting in line during the first 4 hours is
approximately

%[1.(0) : L) () _ gy 4 11 . L3) 3 _py4 L(3);L(4)(4_3))

= 155.25 people

(c) L is differentiable on [0, 9] so the Mean Value Theorem implies
L'(¢) > 0 for some ¢ in (1, 3) and some ¢ in (4, 7). Similarly,
L'(t) < 0 for some ¢ in (3, 4) and some ¢ in (7, 8). Then, since L’ is
continuous on [0, 9], the Intermediate Value Theorem implies that
L'(t) = 0 for at least three values of ¢ in [0, 9].

OR

The continuity of L on [1, 4] implies that L attains a maximum value
there. Since L(3) > L(1) and L(3) > L(4), this maximum occurs on
(1, 4). Similarly, L attains a minimum on (3, 7) and a maximum on
(4, 8). L is differentiable, so L'(¢) = 0 at each relative extreme point
on (0, 9). Therefore L'(t) =0 for at least three values of ¢ in [0, 9].

[Note: There is a function L that satisfies the given conditions with
L'(t) = 0 for exactly three values of 1.]

@ [or(e) de =972.784

There were approximately 973 tickets sold by 3 P.M.

@ 2008 The College Board. All rights reserved,
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: estimate

: units

: trapezoidal sum
: answer

: considers change in

sign of L'

: analysis
: conclusion

: considers relative extrema

of L on (0, 9)

: analysis
: conclusion

: integrand
: limits and answer
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Question 2

The amount of water in a storage tank, in gallons, is modeled

2500
by a continuous function on the time interval 0 < ¢ <7, /—‘
where ¢ is measured in hours. In this model, rates are given =~ _ ¥ .
as follows: 2 0

(i) The rate at which water enters the tank is o

f(t) = 100¢*sin (7 ) gallons per hour for 0 < ¢ < 7. g "

(ii) The rate at which water leaves the tank is 500
(t)={ 250 for0<t<3
2000 for3<t<7 .
The graphs of f and g, which intersect at ¢ = 1.617 and ¢ = 5.076, are shown in the figure above. At
time ¢ = 0, the amount of water in the tank is 5000 gallons.

gallons per hour. Y% 1 3 a5 e 7

(a) How many gallons of water enter the tank during the time interval 0 < ¢ < 7 7 Round your answer to
the nearest gallon.

(b) For 0 <t <7, find the time intervals during which the amount of water in the tank is decreasing.
Give a reason for each answer.

(c) For 0 <t <7, at what time ¢ is the amount of water in the tank greatest? To the nearest gallon,
compute the amount of water at this time. Justify your answer,

(a) J.7 f(¢t) dt = 8264 gallons 2: { 1+ intogral
0 1 ! answer
(b) The amount of water in the tank is decreasing on the I : intervals
intervals 0 < ¢ <1.617 and 3 < ¢ < 5.076 because 2: { 1 : reason
S(t) < g(t) for 0 <t <1.617 and 3 <t < 5.076.
(c) Since f(¢)— g(t) changes sign from positive to negative 1 : identifies ¢ = 3 as a candidate
only at ¢ = 3, the candidates for the absolute maximum are 1 : integrand
att =0, 3, and 7. 5:4 1:amountofwaterat t =3
| : amount of water at ¢ = 7
t (hours) | gallons of water 1 : conclusion

0 5000

3
3 | 5000+ j'of(:) dt — 250(3) = 5126.591

7
7 | 5126591+ j3 £(£) dt — 2000(4) = 4513.807

The amount of water in the tank is greatest at 3 hours. At
that time, the amount of water in the tank, rounded to the
nearest gallon, is 5127 gallons.

@ 2007 The College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents).
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Question 2

At an intersection in Thomasville, Oregon, cars turn ¥

left at the rate L(¢) = 60+ sin? (-:t,’—) cars per hour

over the time interval 0 < ¢ < 18 hours. The graph of

y = L(z) is shown above. 200 ¢

(a) To the nearest whole number, find the total
number of cars turning left at the intersection
over the time interval 0 < ¢ <18 hours.

(b) Traffic engineers will consider turn restrictions
when L(1) 2 150 cars per hour. Find all values

of ¢ for which L(¢) 2150 and compute the

average value of L over this time interval. ] TIPS, < AR
Indicate units of measure. 3 6 9 12

15 18

(c¢) Traffic engineers will install a signal if there is any two-hour time interval during which the product of the
total number of cars turning left and the total number of oncoming cars traveling straight through the
intersection is greater than 200,000. In every two-hour time interval, 500 oncoming cars travel straight
through the intersection. Does this intersection require a traffic signal? Explain the reasoning that leads to
your conclusion.

-

18
(a) J-o L(t) dt = 1658 cars by { 1 : setup
I : answer
(b) L(¢) =150 when ¢ =12.42831, 16.12166 1 : t-interval when L(¢) 2150
Let R =12.42831 and S =16.12166 3: 4 1 :average value integral
L(t) 2 150 for ¢ in the interval [R, S] 1 : answer with units

1 S _
ﬁIRL(t) dt = 199.426 cars per hour

(c) For the product to exceed 200,000, the number of cars 1 : considers 400 cars
turning left in a two-hour interval must be greater than 400. 1 : valid interval [k, & + 2]

h+2
15 2 ,
[ L) dr = 431.931 > 400 L :value of | ™" L(r)
1 : answer and explanation

OR OR

The number of cars turning left will be greater than 400
on a two-hour interval if L(¢) = 200 on that interval.

L(t) =2 200 on any two-hour subinterval of
[13.25304, 15.32386).

: considers 200 cars per hour
: solves L(¢) = 200
: discusses 2 hour interval

: answer and explanation

Yes, a traffic signal is required.

© 2006 The College Board. All rights reserved.
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Question 1

t
(hours) 0 ! S 6 8
R(t)
1340 1190 950 740 00
(liters / hour) i

Water is pumped into a tank at a rate modeled by W (¢) = 2000 20 liters per hour for 0 < ¢ < 8, where ¢ is
measured in hours. Water is removed from the tank at a rate modeled by R(t) liters per hour, where R is
differentiable and decreasing on 0 < ¢ < 8. Selected values of R(?) are shown in the table above. At time

t = 0, there are 50,000 liters of water in the tank.

(a) Estimate R'(2). Show the work that leads to your answer. Indicate units of measure.

(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total
amount of water removed? Give a reason for your answer.

(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest liter,
at the end'of 8 hours.

(d) For 0 <t <8, is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not.

iy _ R(3)—R(l) _ 950-1190 . ) - | : estimate
(a) R'(2)= T R i 120 liters/hr 20 | units
8
(b) The total amount of water removed is given by J-o R(2) dr. 1 : left Riemann sum
8 3:4¢ 1:estimate
_[0 R(t)dt = 1-R(0)+2-R(1)+3-R(3) +2- R(6) 1 : overestimate with reason

= 1(1340) + 2(1190) + 3(950) + 2(740)
= 8050 liters

This is an overestimate since R is a decreasing function.

8
(c) Total =~ 50000 + jo w(t) dt — 8050

{ 1: integral
= 50000 + 7836.195325 — 8050 = 49786 liters

1 : estimate

(d) W(0)—-R(0) >0, W(8)-R(8) <0, and W(t)— R(z) is

‘ { 1: considers W (1) - R(¢)
continuous.

1 : answer with explanation

Therefore, the Intermediate Value Theorem guarantees at least one
time ¢, 0 < t < 8, for which W(¢) — R(¢) = 0, or W(t) = R(t).

For this value of ¢, the rate at which water is pumped into the tank
is the same as the rate at which water is removed from the tank.

© 2016 The College Board.
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Question 3
] ol 12|34/ 5]6
(minutes)
0 0 |53|88|11.2]128]138]145
(ounces)

Hot water is dripping through a coffeemaker, filling a large cup with coffee. The amount of coffee in the cup at
time ¢, 0 <t < 6, is given by a differentiable function C, where ¢ is measured in minutes. Selected values of

C(¢), measured in ounces, are given in the table above.

(a) Use the data in the table to approximate C'(3.5). Show the computations that lead to your answer, and
indicate units of measure.

(b) Isthereatime ¢ 2 < ¢ < 4, at which C'(¢) = 2 ? Justify your answer.

(c) Use a midpoint sum with three subintervals of equal length indicated by the data in the table to approximate
the value of % I: C(t) dt. Using correct units, explain the meaning of %I: C(t) dt in the context of the
problem.

(d) The amount of coffee in the cup, in ounces, is modeled by B(¢) = 16 — 16" Using this model, find the
rate at which the amount of coffee in the cup is changing when ¢ = 5.

C(4)-C(3) _128-11.2 1 : approximation

(a) C'(3.5)= = 1.6 ounces/min 23 {

4 -3 1 1 : units
(b) C isdifferentiable = C is continuous (on the closed interval) 7 13 'CLAQ‘:—E'@
C(4)-C(2) _128-88 _ 9 1 : conclusion, using MVT

4-2 2
Therefore, by the Mean Value Theorem, there is at least
one time 1, 2 < t < 4, for which C'(¢) = 2.

© +[oc)d=L2-c)+2-C(3)+2-C(5)] 1 : midpoint sum
1 3:4 1:approximation
= -6—(2 '5.3 + 2 B 1 1.2 + 2 '13.8) 1 : interpretation

= %(60.6) =10.1 ounces

6
%J'o C(t) dt is the average amount of coffee in the cup, in

ounces, over the time interval 0 < ¢ < 6 minutes.

(d) B(t) = -16(-0.4)e™ " = 6.4¢704 . { 1:B'(z)
L L:B'(5)
B'(5) = 6.4¢7%C) = 6—24- ounces/min
e
© 2013 The College Board.

Visit the College Board on the Web: www.collegeboard.org



AP® CALCULUS AB
2012 SCORING GUIDELINES

Question 1

¢t (minutes) 0 4 9 15 20
W(t) (degrees Fahrenheit) | 550 | 57.1 | 61.8 | 67.9 | 71.0

The temperature of water in a tub at time ¢ is modeled by a strictly increasing, twice-differentiable function W,
where W(t) is measured in degrees Fahrenheit and ¢ is measured in minutes. At time ¢ = 0, the temperature of

the water is 55°F. The water is heated for 30 minutes, beginning at time ¢ = 0. Values of W (¢) at selected
times ¢ for the first 20 minutes are given in the table above.

(a) Use the data in the table to estimate W'(12). Show the computations that lead to your answer. Using correct
units, interpret the meaning of your answer in the context of this problem.

20 . - . 20,
(b) Use the data in the table to evaluate Io W’(t) dt. Using correct units, interpret the meaning of .[o Wi(t)at

in the context of this problem,

20
(c) For 0 <t < 20, the average temperature of the water in the tub is 2—1()I0 W(t) dt. Use a left Riemann sum

. . pr . . 20 .
with the four subintervals indicated by the data in the table to approximate 510— 0 W (t) dt. Does this
approximation overestimate or underestimate the average temperature of the water over these 20 minutes?

Explain your reasoning.

(d) For 20 < ¢ < 25, the function # that models the water temperature has first derivative given by
W'(t) = 0.4t cos(0.06¢t). Based on the model, what is the temperature of the water at time ¢ = 25 ?

=1.017 (or 1.016)

The water temperature is increasing at a rate of approximately
1.017 °F per minute at time ¢ = 12 minutes.

1 : estimate
1 : interpretation with units

®) [PW(e)de = w(20)-W(0) = 710550 =16 . { 1 : value

The water has warmed by 16 °F over the interval from ¢ = 0 to 1 : interpretation with units

¢ = 20 minutes.

20
(c) %jo W(t)dt = %(4~ W(0)+5-W(4)+6-W(9)+5-W(15)) 1 : left Riemann sum
1 3: ¢ 1:approximation
= 2_0(4 +55.0+5-57.1+ 6618 +5-67.9) 1 : underestimate with reason
. =
=30 1215.8 = 60.79

This approximation is an underestimate, because a left Riemann
sumn is used and the function W is strictly increasing.

25
(d) W(25)=71.0+ Lo W(¢) dt
= 71.0 + 2.043155 = 73.043

. { 1:integral
1 : answer

© 2012 The College Board.
Visit the College Board on the Web: www .collegeboard.org.



AP® CALCULUS AB
2010 SCORING GUIDELINES

Question 2
’ o | 2| 5 | 7| 8
(hours)
E(r)
(hundredsof | 0 4 13 21 23
entries)

A zoo sponsored a one-day contest to name a new baby elephant. Zoo visitors deposited entries in a special box
between noon (¢ = 0) and 8 P.M. (¢ = 8). The number of entries in the box ¢ hours after noon is modeled by a

differentiable function £ for 0 < ¢ < 8. Values of E(¢), in hundreds of entries, at various times ¢ are shown in
the table above.

(2) Use the data in the table to approximate the rate, in hundreds of entries per hour, at which entries were being
deposited at time ¢ = 6. Show the computations that lead to your answer.

8
(b) Use a trapezoidal sum with the four subintervals given by the table to approximate the value of éjo E(t) at.

8
Using correct units, explain the meaning of % j ; E(t) dt in terms of the number of entries.

(c) At8Pr.M., volunteers began to process the entries. They processed the entries at a rate modeled by the function
P, where P(t) = £ —30¢* + 298¢ — 976 hundreds of entries per hour for 8 < ¢ < 12. According to the model,
how many entries had not yet been processed by midnight (¢ =12) ?

(d) According to the model from part (c), at what time were the entries being processed most quickly? Justify

your answer.

(2) E'(6) = 5(7,3 : 5{5) = 4 hundred entries per hour 1 : answer
18 .

) §Io E(t)dt = 1 : trapezoidal sum
1(, E(0)+E(2) . EQ)+E(5)  , E(5)+E(7) . E(T)+E(®))| '] ! approximation
Ak ) +3- 7 +2- 7 =il 5 1 : meaning

= 10.687 or 10.688

8
%Io E(t) dt is the average number of hundreds of entries in the box

between noon and 8 P.M.
12 . 1 : integral
() 23~ [ "P(t)dt =23-16 = 7 hundred entries 2: { =
3 1 : answer
(d) P'(t)=0 when ¢ =9.183503 and ¢ = 10.816497. 1 : considers P'(¢) =0
t | P 3: 4 1:identifies candidates
8 0 1 : answer with justification

9.183503 | 5.088662
10.816497 | 2.911338
12 8
Entries are being processed most quickly at time ¢ = 12.

© 2010 The College Board.
Visit the College Board on the Web: www.collegeboard.com.
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Question 5
x 2 3 5 8 13
S(x) 1 4 -2 3 6

Let f be a function that is twice differentiable for all real numbers. The table above gives values of f for
selected points in the closed interval 2 < x <13,

(2)

Estimate f“(4). Show the work that leads to your answer.

13
(b) Evaluate Iz (3 =5/"(x)) dx. Show the work that leads to your answer.

(¢) Use a left Riemann sum with subintervals indicated by the data in the table to approximate J'zn S/(x) dx.

(d)

Show the work that leads to your answet.

Suppose f“(5) =3 and f”(x) < 0 forall x in the closed interval 5 < x < 8. Use the line tangent to
the graph of f at x = 5 to show that f(7) < 4. Use the secant line for the graph of fon 5<x <8 to

show that f(7) 2 %

(a)

®

(©)

(@

fay = L0210 _

jz”(3 ~5f(x) dx = [ "3dx~ sjz”f'(x) d
=3(13-2)-5(/(13)- f(2)) =8

[ 7 de = F)G-2)+ F3)(5-3)
+ £(5)(8-5) + f(8)(13-8) =18

An equation for the tangent line is y = -2 + 3(x - 5).
Since f”(x) < 0 for all x in the interval 5 < x < 8, the
line tangent to the graph of y = f(x) at x = 5 lies above
the graph for all x in the interval 5 < x < 8.

Therefore, f(7) < -2+3-2=4,

An equation for the secant lineis y = -2 + %(x -5).

Since f”(x) <0 forall x in the interval 5 < x < 8, the
secant line connecting (5, f(5)) and (8, /(8)) lies below
the graph of y = f(x) forall x in the interval 5 < x < 8.
5 4

>2+2.2=2,

Therefore, f(7) 3 3

1 : answer

1 : uses Fundamental Theorem
2 of Calculus
1 : answer

: left Riemann sum
: answer

1 ; tangent line
:shows f(7) < 4
: secant line

1 : shows f(7) 2

—

[FIFN

© 2008 The College Board. All rights reserved.
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Question 3
x | f(x) | f(x) ] glx) [&'(%)
1 6 4 2 5
2 9 2 3 |
3 10 -4 4 2
4 -1 3 6 7

The functions /" and g are differentiable for all real numbers, and g is strictly increasing. The table
above gives values of the functions and their first derivatives at selected values of x. The function 4 is

given by h(x) = f(g(x)) - 6.
(2) Explain why there must be a value r for 1 < » < 3 such that h(r) = -5,

(b) Explain why there must be a value ¢ for 1 < ¢ < 3 such that #(c) = -5.

g(x)

(c) Let w be the function given by w(x) = \ J(¢) dt. Find the value of w'(3).

(d) If g™ is the inverse function of g, write an equation for the line tangent to the graph of y = g7!(x)

at x = 2,

(@

(®

(©)

(d

h(1) = f(g(1)) -6=/(2)-6=9-6=3

h(3)= f(g(3))-6=f(4)-6=-1-6=—T7
Since h(3) < —5 < A(1) and 4 is continuous, by the
Intermediate Value Theorem, there exists a value r,
1 < r < 3, such that 4(r) = -5.

WE)=h1) _ 7-3 _
3-1 7 3-1

Since £ is continuous and differentiable, by the

Mean Value Theorem, there exists a value c,

I < ¢ <3, such that A'(c) = -5.

wW(3)=/(g(3))-g'(3)=S(4)-2==2

g(l)=2,50 g~ (2) = 1.
1y _ ] N 1 - 1
(g ) (2) - gf(g—l (2)) g’(].) 5

An equation of the tangent lineis y —1 = %(x =2).

1: A(1) and A(3)
1 : conclusion, using IVT

_h(3) = h(1)
’ 3-1
1 : conclusion, using MVT

1 : apply chain rule
1 : answer

1:g7'(2)
1: (g @

1 : tangent line equation

© 2007 The College Board. All rights reserved.
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Question 4

2

. . . .ody _y
Consider the differential equation T

(2) On the axes provided, sketch a slope field for the given differential equation at the six points indicated,

(b) Let y = f(x) be the particular solution to the given differential equation with the initial
condition f(2) = 3. Write an equation for the line tangent to the graph of y = f(x) at x = 2,
Use your equation to approximate f(2.1).

(c) Find the particular solution y = f(x) to the given differential equation with the initial condition f(2) = 3.

(a)

[ 1 :zero slopes
"| 1 : nonzero slopes

(b) - = =9 5. { 1 : tangent line equation

B S 2-1
(x, ¥)=(2,3) 1 : approximation

An equation for the tangent line is y = 9(x —2) + 3.
f(21) ~9(2.1-2)+3=39

1 1

© —dy= - dx 1 : separation of variables
y 2 : antiderivatives
1 dy = f 1 dx 5:4 1:constant of integration and
? x—1

{ uses initial condition
1

—%=In|x—1|+C : solves for y

—-;’— =h)2-1|+C = C= —-:1; Note: max 3/5 [1-2-0-0] if no constant
1 1 of integration
—; = ln]x—ll—-é—
1 Note: 0/5 if no separation of variables
%-mu-n

Note: This solution is valid for 1 < x < 1+ e'/ =

© 2016 The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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Question b

e

The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At height 4,

the radius of the funnel is given by » = 716(3 +h ) where 0 < & < 10. The units of » and & are inches.

(a) Find the average value of the radius of the funnel.

(b) Find the volume of the funnel.

(¢) The funnel contains liquid that is draining from the bottom. At the instant when the height of the liquid is
h = 3 inches, the radius of the surface of the liquid is decreasing at a rate of % inch per second. At this

instant, what is the rate of change of the height of the liquid with respect to time?

3
(a) Average radius = f 3 h )dh 3h+ Z’— [ 1:integral
10 200
0 3:4{ 1: antiderivative
2(1)0((30 + 10??0) 0) = 1_6002 in 1 : answer
001 2 2, .4
(b) Volume = ”Jo ((20)(3+h )) dh = W (9 +6h" +h ) dh 1 :mtc?grafld ‘
3:<¢ | : antiderivative
Oh+ 24 + h5 1 : answer
4 5 0
_ T 100000\ _ ) _ 22097 . 3
= 200 ((90 + 2000 + 5 ) O) =0 in
da _ 1 dh .
(c) 0 (2h) = 3. 2 chain rule
_l_iih_ 1 : answer
510 dt
dh 1 0= 12,
? ‘——S'T = 3 in/sec
© 2016 The College Board.
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Question 4

Consider the differential equation % =2x—y.

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated.

2
(b) Find -Z—xz}i in terms of x and y. Determine the concavity of all solution curves for the given differential

equation in Quadrant 1l. Give a reason for your answer.

(c) Let y = f(x) be the particular solution to the differential equation with the initial condition f(2) = 3.
Does f have a relative minimum, a relative maximum, or neither at x = 2 ? Justify your answer.

(d) Find the values of the constants m and b for which y = mx + b is a solution to the differential equation.

(@ 23 1 : slopes where x = 0
\ | 1:slopes where x =1
3

d’y dy d%y
b) —==2-——=2-2x-y)=2-2x+ | —£
dx? dx 4 7 2 dr>

1 : concave up with reason

In QuadrantII, x < 0 and y >0, so 2—-2x+y > 0.
Therefore, all solution curves are concave up in Quadrant II.

(c) % =2(2)-3=1+%0 1 : considers %}—
Flex, »=2.3) 2: e y)=(2,3)
Therefore, f has neither a relative minimum nor a relative 1 : conclusion with justification

maximum at x = 2.

_ _d - . g
(d) y—mx+b:>dx—dx(mx+b)—m T{l.dx(mx+b)—m

2x—y=m "‘1:2x—y=m

2x—(mx+b)=m 1 : answer

2-m)x-(m+b)=0
2-m=0>=>m=2
b=-m=>b=-2

Therefore, m = 2 and b = 2.

© 2015 The College Board.
Visit the College Board on the Web: www collegeboard.org
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Question 6

Consnder the differential equation (o = (3 - y)cosx. Let y = f(x) be the particular solution to the differential

dx

equation with the initial condition f(0) = 1. The function f is defined for all real numbers.

(8 A portion of the slope field of the differential equation is given below. Sketch the solution curve through the

point (0,1).

(b) Write an equation for the line tangent to the solution curve in part (a) at the point (0, 1). Use the equation to

approximate f(0.2).

(¢) Find y = f(x), the particular solution to the differential equation with the initial condition f(0) =

(2)

(b

©

v
___________ M R ——
e e o ’1. A o o e o ey S e -~
NN N PR I g e S N
NN NS e v o SN St N NN
NNSNSNSN——r s S o P — =SSN NN
NNNSSN——r /] o NN NN N
NNSNNN~=r 277/ 4§77 77—~ NNNAN
ANNNNS~= L/ 014/ 77 s —=~NNNAN
ANNNNSN~—sr s 2780777 7=~NNNANN
NNNSNN~==/ /M| 477 77NN\

ANNNN\==r 2/ /7777 =NNAN\DN
\\\\\\r///li {7 7==~~NNN NN
L .‘.. e P ) g - ‘.:\ o -

IR / ///f'//\\\\\\_\
WA NN~ Pt 777 7-=NNNVAY
VAR NN~~~/ Pl 777~V
VA AN~y Vldet t 277~V )
VANt b Lttt oSNV
AANNSN~—/ f 2l b7~V
VANNNS~ 2 0 1147 7-~NA0 0
VANNNS~fr b n 77500y )
LR T N N A A B A | P17 727-~N00 00
(U WA WA [ A T O B A AV A R VAR N |
(SRR S T NN A A A 1t 777~V VvV
\\\\\\/IIIJH.lll///\\\\\\

dy

— =2cos0 =2

Al (x, y)=0.1)
An equation for the tangent line is y = 2x + 1.
f(02)=2(02)+1=14

dy = (3 - y)cosx

J.-:,’—:=J'cosxdx
—In3-y|=sinx+C
-In2=sin0+C = C=-In2
—In|3-y|=sinx~-1In2

Because y(0)=1, y<3,s0|3-y|=
3_y=2e—sin.r

y=3_2e-sinx

Note: this solution is valid for all real numbers.
© 2014 The College Board.

1 : solution curve

9 1 : tangent line equation
" | 1 : approximation

: separation of variables
: antiderivatives

: constant of integration
: uses initial condition

: solves for y

(=)}
Pt et et N

Note: max 3/6 [1-2-0-0-0] if no
constant of integration

Note: 0/6 if no separation of variables

Visit the College Board on the Web: www.collegeboard.org
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Question 6

Consider the differential equation L. e’ (?;x2 ~ 6x). Let y = f(x) be the particular solution to the

dx

differential equation that passes through (1, 0).
(2) Write an equation for the line tangent to the graph of f at the point (1, 0). Use the tangent line to

(®)

approximate f(1.2).

Find y = f(x), the particular solution to the differential equation that passes through (1, 0).

(@)

(®)

dy

dx(-".y):(l,o) = 60(3-12 —6'1) - _3

An equation for the tangent line is y = -3(x - 1).

f(1.2) = -3(12-1) = 0.6

D _ (35 - 6x) o

e}’
I%’-: (342 - 6x) dx
e
- =x -3x*+C
e '=P3-312+C>C=1
- =x* —3x% +1
e = —x* +3x% -1
—y = ln(—x3 +3x% - 1)

= —-ln(—x3 +3x% - 1)

Note: This solution is valid on an interval containing
x =1 for which —x* + 3x> =1> 0.

Il g % at the point (x, y) = (1, 0)

: tangent line equation
: approximation

S —

: separation of variables
: antiderivatives

: constant of integration
: uses initial condition

: solves for y

(=)
T T T O I )

Note: max 3/6 [1-2-0-0-0] if no constant of
integration

Note: 0/6 if no separation of variables

© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org,
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Question 5

The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its
current weight. At time ¢ = 0, when the bird is first weighed, its weight is 20 grams. If B(¢) is the weight of the

bird, in grams, at time ¢ days after it is first weighed, then

4B _ 1100
= 5(100- B).

Let y = B(t) be the solution to the differential equation above with initial condition B(0) = 20.

(a) Is the bird gaining weight faster when it weighs 40 grams or when it

weighs 70 grams? Explain your reasoning. o

4B . d’B : -
(b) Find ? in terms of B. Use ? to explain why the graph of B =
L ! =
cannot resermble the following graph. 2
(c) Use separation of variables to find y = B(¢), the particular solution to 2
the differential equation with initial condition B(0) = 20. 7]
‘Time (days)
dB _ D - uses 9B
(@) = e 5(60) =12 9- 1 : uses T
1 : answer with reason
dB _1 _
dt|p70 5(30)=6
Because 48 > 5 , the bird is gaining
dtlp=a0  at|p=10

weight faster when it weighs 40 grams.

d*B_ 1dB_ 11 _ 1 . d*B .
(b) —(”_2——-3—7;'——-5‘3(100 B)— 25(]00 B) 2 1: d!2 in terms of B
Therefore, the graph of B is concave down for ! : explanation
20 < B < 100. A portion of the given graph is
concave up.
dB _ 1 . . .
©) vk 5(100 - B) 1 : separation of variables
1 1 ] : antiderivatives
f 100 - B dB = f 3 at 5: ¢ 1:constant of integration
—1n| 100 — BI - lt +C 1 : uses initial condition
5 1 : solves for B

Because 20 < B < 100, |100 —~ B| =100 - B.

~In(100 — 20) = 1(0) +C = -In(80)=C Note: max 2/5 [1-1-0-0-0] if no constant of
o 800~/ 55 integration

100 — B = 80e™

B(t) =100 - 80e~/5. >0 Note: 0/5 if no separation of variables

©® 2012 The College Board.
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Question 5

At the beginning of 2010, a landfill contained 1400 tons of solid waste. The increasing function ¥ models
the total amount of solid waste stored at the landfill. Planners estimate that ¥ will satisfy the differential
equation % = ZLS(W —300) for the next 20 years. W is measured in tons, and ¢ is measured in years from

the start of 2010.
(a) Use the line tangent to the graph of W at ¢t = 0 to approximate the amount of solid waste that the landfill

contains at the end of the first 3 months of 2010 (time ¢ = %).

2 2
(b) Find ddI;V in terms of W. Use dd I;V to determine whether your answer in part (a) is an underestimate or
t ¢
an overestimate of the amount of solid waste that the landfill contains at time ¢ = %
. : 3 . . .dw 1 cp e e

(c) Find the particular solution W = W(¢) to the differential equation e 2—5-(W —300) with initial

condition #(0) = 1400.

AWl _ L pios 300y = (1400 - 300) = LA
@ 2 = 7507(0)~300) = 5:(1400 - 300) = 44 = { 1: 2% e

The tangent line is y = 1400 + 44t. 1 : answer

1) 1) _
W(4) = 1400 + 44(4) = 1411 tons
d*w _ 14w _ 1 d*w
. = — > 3

b) 2 "5 a6 (W —300) and W > 1400 5 1 e

2

1 : answer with reason

Therefore > 0 ontheinterval 0 < ¢ < -1—.
dr 4

The answer in part (a) is an underestimate.

(©) % = %(W —300) 1 : separation of variables
1 i 1 : antiderivatives
f-W—-— 300 aw = J._Z? at 5: 4 1:constant of integration
il — 300l < L+ C 1 : uses initial condition
L I_E+ 1 : solves for W

1n(1400 - 300) = 2(0) + C = In(1100) = C

|
==t
W —300 = 1100e?

Note: max 2/5 [1-1-0-0-0] if no constant of
integration
Note: 0/5 if no separation of variables

{
W(t) =300+1100e, 0<¢<20

© 2011 The College Board.
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Question 3

Oil is leaking from a pipeline on the surface of a lake and forms an oil slick whose volume increases at a
constant rate of 2000 cubic centimeters per minute. The oil slick takes the form of a right circular cylinder
with both its radius and height changing with time. (Note: The volume ¥ of a right circular cylinder with

radius » and height h is given by V = 7rth.)

(a) At the instant when the radius of the oil slick is 100 centimeters and the height is 0.5 centimeter, the
radius is increasing at the rate of 2.5 centimeters per minute. At this instant, what is the rate of change
of the height of the oil slick with respect to time, in centimeters per minute?

(b) A recovery device arrives on the scene and begins removing oil. The rate at which oil is removed is
R(t) = 400+t cubic centimeters per minute, where ¢ is the time in minutes since the device began
working. Oil continues to leak at the rate of 2000 cubic centimeters per minute. Find the time ¢ when
the oil slick reaches its maxinmmum volume. Justify your answer.

(c) By the time the recovery device began removing oil, 60,000 cubic centimeters of oil had already
leaked. Write, but do not evaluate, an expression involving an integral that gives the volume of oil at
the time found in part (b).

(2) When # = 100 cmand & = 0.5 cm, % = 2000 cm? /min l: % = 2000 and ‘;—’t' =25
d . 4: ) . dav
and _‘_1% = 2.5 cm/min. 2 : expression for =
1 : answer
dv _ . dr, . adh
i —errdth+n'r a
2000 = 277(100)(2.5)(0.5) + 7;(100)2%
dh .
27 = 0:038 or 0.039 cm/min
(b) L= 2000~ R(z), 50 £ = 0 when R(¢) = 2000. 1: R(t) = 2000

3:4 1:answer

This occurs when ¢ = 25 minutes. - .
1 : justification

Since‘ii—rt/>0 for 0 <t<25 anddTI:<0 for ¢ > 25,
the oil slick reaches its maximum volume 25 minutes after the
device begins working.

(c) The volume of oil, in cm?, in the slick at time ¢ = 25 minutes 5 { 1 : limits and initial condition

25 .
is given by 60,000+ [ _~(2000 - R(¢)) . I': integrand

© 2008 The College Board. All rights reserved.
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Question 5

Consider the differential equation % =2 = 1, where x # 0.
x
(2) On the axes provided, sketch a slope field for the given differential 1
equation at the nine points indicated. « 2 R .
(Note: Use the axes provided in the exam booklet.)
(b) Find the particular solution y = f(x) to the differential equation with LI & . .
the initial condition f(2)=0.
(c) For the particular solution y = f(x) described in part (b), find -1 o ! 2
AT )
(a) y ) { 1 : zero slopes
a .
1 : all other slopes
P S P
—— |4 — ——
Y Y PR
- O L2
(b) —1_—1 dy = -1—2 dx 1 : separates variables
4 xl 2 : antidifferentiates
Inj]y-1|= - 1€ 6: 4 1:includes constant of integration
Lie 1 : uses initial condition
ly=1l=e* 1 : solves for y
c -+
ly~1=e f * Note: max 3/6 [1-2-0-0-0] if no constant
y—1= ke *, where k = +e€ of integration
| Note: 0/6 if no separation of variables
~1=ke 2
s
k =-e?
=
flx)=1-¢€2 * x>0
B4
(€) liml-¢? ¥ =1-Ve 1 : limit
X—oo

© 2008 The College Board. All rights reserved.
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Question §

!
(minutes) . 2 ; U “ 12
() s7 | 40 | 20 | 12 | 06 | 05
(feet per minute)

The volume of a spherical hot air balloon expands as the air inside the balloon is heated. The radius of the
balloon, in feet, is modeled by a twice-differentiable function r of time t, where t is measured in minutes.
For 0 < ¢ < 12, the graph of r is concave down. The table above gives selected values of the rate of change,

r’(t), of the radius of the balloon over the time interval 0 < ¢ < 12. The radius of the balloon is 30 feet when

t = 5. (Note: The volume of a sphere of radius r is givenby ¥ = %nr3 )

(a) Estimate the radius of the balloon when ¢ = 5.4 using the tangent line approximation at ¢ = 5. Is your
estimate greater than or less than the true value? Give a reason for your answer.

(b) Find the rate of change of the volume of the balloon with respect to time when ¢ = 5. Indicate units of
measure.

(c) Use aright Riemann sum with the five subintervals indicated by the data in the table to approximate
12 12
J.o r’(¢) dt. Using correct units, explain the meaning of I o ¥(t) dt in terms of the radius of the

balloon.

12
(@) Is your approximation in part (c) greater than or less than J. i ¥'(¢) dt 7 Give a reason for your answer.

(@) r(54)=r(5)+r(5)At =30+ 2(0.4) =308 ft " { 1 : estimate
Since the graph of r is concave down on the interval " { 1: conclusion with reason
5 <t < 5.4, this estimate is greater than r(5.4).
av 4\ _adr . av
® G =3(3) 3:{2-7
av 2 3/ . | : answer
™ 47(30)* 2 = 72007 f*/min

!2 . .
©) jo r(t) dt = 2(4.0) +3(2.0) + 2(1.2) + 4(0.6) + 1(0.5) B { 1 : approximation
-193 fi " | 1: explanation

12
_[0 r(t) dt is the change in the radius, in feet, from

{ =0 to ¢t =12 minutes.

(d) Since r is concave down, #” is decreasing on 0 < £ < 12.| 1 : conclusion with reason
Therefore, this approximation, 19.3 f, is less than

I Olzr’(t) dt.

Units of ft> / min in part (b) and ft in part (c) 1 : units in (b) and (c)

© 2007 The College Board. All rights reserved.
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Question 5

Consider the differential equation % = Hx—y, where x # 0.

(a) On the axes provided, sketch a slope field for the given differential equation at the eight points indicated.
(Note: Use the axes provided in the pink exam booklet.)

4
° |- .
2 -1 0 2
e _]- L]

(b) Find the particular solution y = f(x) to the differential equation with the initial condition S(-1)=1and
state its domain.

(a) 2 : sign of slope at each point and relative
y steepness of slope lines in rows and
r columns
N
B = L ==Y
2 -r 0 1T 72
—— | ——
1 1 " .
(b) T+y dy = = dx 1 : separates variables
2 : antiderivatives
[l + y| = In|x| + K 6 : 4 1: constant of integration
1 : uses initial condition
14 y|= nlxl+ K 7. ] 1 : solves for y
1+ =Clx| Note: max 3/6 [1-2-0-0-0] if no
2=C constant of integration
1+y = 2|x| Note: 0/6 if no separation of variables
y=2|x|-1and x< 0
- 1 : domain
y=-2x—-land x <0

© 2006 The College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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AP® CALCULUS AB
2015 SCORING GUIDELINES

Question 2

Let f and g be the functions defined by f(x) =1+ x+ ¢ 2 and

g(x) = x* - 6.5x% + 6x + 2. Let R and S be the two regions /('
enclosed by the graphs of f and g shown in the figure above.
(2) Find the sum of the areas of regions R and S.

(b) Region S is the base of a solid whose cross sections perpendicular :v
to the x-axis are squares. Find the volume of the solid.

(c) Let h be the vertical distance between the graphs of / and g in
region S. Find the rate at which 4 changes with respect to x when

x =1.8. -
0
(a) The graphs of y = f(x) and y = g(x) intersect in the first 1 : limits
quadrant at the points (0, 2), (2, 4), and 4 :< 2:integrands
(4, B) = (1.032832, 2.401108). 1 : answer

Area = ["[g(x) - F()] dx+ [ () - g(x)]
=0.997427 +1.006919 = 2.004

3. { 2 : integrand

(b) Volume = _[j[f(x) - g(x)]’ dv = 1.283 1 : answer

¢y h(x)= f(x)-g(x) - { 1 : considers A'
h(x) = f'(x)- g'(x) | 1:answer
H(1.8) = f'(1.8) - g'(1.8) = -3.812 (or -3.811)

© 2015 The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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2014 SCORING GUIDELINES

Question 2

Let R be the region enclosed by the graph of f(x) = x* - 2.3x> + 4 and Y

the horizontal line y = 4, as shown in the figure above.

(2) Find the volume of the solid generated when R is rotated about the

horizontal line y = -2.

(b) Region R is the base of a solid. For this solid, each cross section
perpendicular to the x-axis is an isosceles right triangle with a leg
in R. Find the volume of the solid.

(c) The vertical line x = k divides R into two regions with equal areas.

Write, but do not solve, an equation involving integral expressions

whose solution gives the value k. 0
(@ f(x)=4=x=0,23 2 : integrand
4: < 1:limits
Volume = ﬂjoz's[(4 +2)2 —(f(x) + 2)2] dx I - answer
= 98.868 (or 98.867)
23 1 2
(b) Volume = J. 5(4 - f(x))" dx 3 {2 : integrand
0 .
= 3.574 (or 3.573) ISdans s
k 23 1 : area of one region
4 — = — 2
© Jra- sy a= [0 1) & -

@ 2014 The College Board.
Visit the College Board on the Web: www.collegeboard.org



AP® CALCULUS AB
2013 SCORING GUIDELINES

Question 5

Let f(x) = 2x* —6x + 4 and g(x) = 4cos(-‘lfzzx). Let R be the region
bounded by the graphs of f and g, as shown in the figure above.

)

(a) Find the area of R.

(b) Write, but do not evaluate, an integral expression that gives the
volume of the solid generated when R is rotated about the Y

horizontal line y = 4. 0 S~—————2\

(¢) Theregion R is the base of a solid. For this solid, each cross section perpendicular to the x-axis is a square.
Write, but do not evaluate, an integral expression that gives the volume of the solid.

(@) Area = L)z[g(x) ~ f(x)] dx 1 : integrand
2 4 : 4 2 : antiderivative
= j [4cos(%x) - (2x2 -6x+ 4)] dx 1 : answer
0

3 2
=14 -isin(ﬁx) o - 3x? +4x
V4 4 3 A

(b) Volume = 7[!;':(4 - f(x)? -(4- g(x))z] dx - { 2 : integrand

2 s ) " | 1: limits and constant
- - 2] - _la_ n
= ”J;) |:(4 (Zx 6x + 4)) (4 4cos(4 x)) ]dx

(c) Volume = j:[g(x) — f@F ax o= { 1 ; integrand

2 2 1 - limits and constant
T 2
= J; [4cos(z-x) - (2x —6x + 4)] dx

®© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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Question 2

Let R be the region in the first quadrant bounded by y
the x-axis and the graphsof y =Inx and y =5—1x,
as shown in the figure above.

(a) Find the area of R,

(b) Region R is the base of a solid. For the solid,
each cross section perpendicular to the x-axis is

a square. Write, but do not evaluate, an 0] 1
expression involving one or more integrals that
gives the volume of the solid.
(¢) The horizontal line y = & divides R into two regions of equal area. Write, but do not solve, an equation
involving one or more integrals whose solution gives the value of «.

Inx=5-x = x=3.69344

Therefore, the graphs of y = Inx and y = 5 — x intersect in
the first quadrant at the point (4, B) = (3.69344, 1.30656).

B , :
(a) Area = Io (5 -y—é ) dy 1 : integrand
=2.986 (or 2.985) 34 1+ limits
I : answer
OR

4 5
Area = L Inxdx+ J.A(S - x)dx
= 2.986 (or 2.985)

5 2 :int
(b) Volume = [*“(1nx)? dx+ [ (5 - x)* x B { integrands

1 : expression for total volume

) 1 : integrand
© [(5-y-e)dy=2-2986 (or .z 2.985) 3: 4 1: limits
1 : equation

© 2012 The College Board.
Visit the College Board on the Web: www.collegeboard.org
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Question 3

Let R be the region in the first quadrant enclosed by the graphs of f(x) = 8x°
and g(x) = sin(zx), as shown in the figure above.

)

1
(a) Write an equation for the line tangent to the graph of f at x = % 1y (2 4

(b) Find the area of R.

(c) Write, but do not evaluate, an integral expression for the volume of the solid
generated when R is rotated about the horizontal line y = 1. R

0

® Y- z;{vf'(%)

S(x) =24x%, so f '(-%-) =6 1 : answer

An equation for the tangent lineis y =1+ 6(x - %)

(b) Area = I(:/z(g(x) ~ f(x)) dx 1 : integrand
/2, . ” 4 : 4 2: antiderivative
. j (sm(rrx) 1o ) o 1 : answer
1 x=1/2
= [——cos(ﬂ'x) - 2x4]
% x=0
1.1
=787
1/2 ) 2 e
() 71"[0 ((1 - f(x)) -(1-g(x)) )dx 3 { 1 : limits and constant
" | 2: integrand

= erollz((l - 8x3)2 -(1- sin(mc))z) dx

© 2011 The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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Question 4

(9, 6)

o

Let R be the region in the first quadrant bounded by the graph of y = 2%, the horizontal line y = 6, and the

y-axis, as shown in the figure above.

(a) Find the area of R.

(b) Write, but do not evaluate, an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line y = 7.

(c) Region R is the base of a solid. For each y, where 0 < y < 6, the cross section of the solid taken

perpendicular to the y-axis is a rectangle whose height is 3 times the length of its base in region R. Write,
but do not evaluate, an integral expression that gives the volume of the solid.

=9 1 : integrand
=18 3: 4 1: antiderivative

@ Area = [ (6-2V%)dx = (6x B ixm)
g 3 x=0 ] ]
. answel

3. {2 : integrand

(®) Volume = ”I 0 ((7 2&) (#=5) ) é 1 : limits and constant

2

(¢) Solving y = 2Jx for x yields x = 24—- 3. { 2 ; integrand
AN/ 2 : " | 1:answer

Each rectangular cross section has area P_)(y__) =157

6
Volume = f o y4 dy
o 16

© 2010 The College Board.
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Question 4

Let R be the region in the first quadrant enclosed by the graphs of y = 2x and

y = x%, as shown in the figure above.

(a) Find the area of R.

(b) The region R is the base of a solid. For this solid, at each x the cross
section perpendicular to the x-axis has area 4(x) = sin (%x) Find the
volume of the solid.

(c) Another solid has the same base R. For this solid, the cross sections
perpendicular to the y-axis are squares. Write, but do not evaluate, an
integral expression for the volume of the solid.

2
(a) Area = I ; (2x - xz) dx 1: integrand
=2 3 : ¢ 1:antiderivative
=xt- %x3 I : answer
x=0
4
3
2
(b) Volume = J Sin(%x) dx 1 : integrand
) 5 3: { 1: antiderivative
= ——cos(%x) . 1: answer
=&
b4
4 2 2 : integrand
() Volume = L (‘/; __)21) & 3 { 1 : limits

© 2009 The College Board. All rights reserved.
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Question 1

3y

Let R be the region bounded by the graphs of y = sin(zx) and y = x° — 4x, as shown in the figure

above.

(a) Find the area of R.

(b) The horizontal line y = 2 splits the region R into two parts. Write, but do not evaluate, an integral
expression for the area of the part of R that is below this horizontal line.

(c) Theregion R is the base of a solid. For this solid, each cross section perpendicular to the x-axis is a
square. Find the volume of this solid.

(d) The region R models the surface of a small pond. At all points in R at a distance x from the y-axis,
the depth of the water is given by A(x) = 3 — x. Find the volume of water in the pond.

(a) sin(zx)=x>—4x at x=0 and x =2 1 : limits
2, , 3: < 1:integrand
Area = sin(zx) —{x* — 4x)) dx=4
IO( (7x) ( )) 1: answer
(b) x* —4x=-2 at r = 05391889 and s = 1.6751309 .. { I : limits
The area of the stated region is I "(—2 - (Jc3 - 4x)) dx | : integrand
r
2y 3 2 [ 1: integrand
(c) Volume = J'o (sm(ﬂx) —(x - 4x)) dx=9.978 23 { 1 answer
(2 . 3 _ [ 1:integrand
(d) Volume = J'o (3 - x)(sin(7x) — (x* — 4x)) dx=8.369 or 8.370 | 2: { A

© 2008 The College Board. All rights reserved.
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Question 2

Let # be the function defined for x = 0 with f(0) =5 and f7, the it
first derivative of f; given by f'(x) = &*/¥sin (xz). The graph

of y = f'(x) is shown above. /\ /‘\
(a) Use the graph of f” to determine whether the graph of f is r - 4

: . 0 I 2 3
concave up, concave down, or neither on the interval \/
1.7 < x < 1.9. Explain your reasoning.

(b) On the interval 0 < x < 3, find the value of x at which f has

an absolute maximum. Justify your answer. Graph of f*
(c) Write an equation for the line tangent to the graph of f at x = 2.
(@) Ontheinterval 1.7 < x < 1.9, f” is decreasing and 5. { 1 : answer
thus f is concave down on this interval. | 1:reason
(b) f'(x)=0 when x =0, Vm, 27, V3m, ... 1 : identifies vz and 3 as candidates
On [0,3] f’ changes from positive to negative -or-
only at V7. The absolute maximum must occur at 3.4 indicates that the graph of f
x =7 or at an endpoint. ) increases, decreases, then increases
1 : justifies f(Nx)> f(3)
f(0)=5 | : answer
J; ’
f(¥7) = £(0) + jo f(x) dx = 5.67911
3
7(3) = £(0)+ | L S(x) dx = 5.57893
This shows that f has an absolute maximum at x = V7.
2
© f@)=r0)+] »J(x) dx = 5.62342 2: f(2) expression
, S = 1 : integral
f(2) =€ sin(4) = -0.45902 4: 1 : including f(0) term
Iy 4@
y —5.623 = (-0.459)(x — 2) A )_
| 1; equation

© 2006 The College Board. All rights reserved.
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